Pure Borrow: Linear Haskell Meets Rust-Style Borrowing®

YUSUKE MATSUSHITA, Kyoto University, Japan
HIROMI ISHII, J1J Inc., Japan

A promising approach to unifying functional and imperative programming paradigms is to localize mutation
using linear or affine types. Haskell, a purely functional language, was recently extended with linear types by
Bernardy et al., in the name of Linear Haskell. However, it remained unknown whether such a pure language
could safely support non-local borrowing in the style of Rust, where each borrower can be freely split and
dropped without direct communication of ownership back to the lender.

We answer this question affirmatively with Pure Borrow, a novel framework that realizes Rust-style borrow-
ing in Linear Haskell with purity. Notably, it features parallel state mutation with affine mutable references
inside pure computation, unlike the IO and ST monads and existing Linear Haskell APIs. It also enjoys purity,
lazy evaluation, first-class polymorphism and leak freedom, unlike Rust. We implement Pure Borrow simply
as a library in Linear Haskell and demonstrate its power with a case study in parallel computing. We formalize
the core of Pure Borrow and build a metatheory that works toward establishing safety, leak freedom and
confluence, with a new, history-based model of borrowing.

CCS Concepts: « Theory of computation — Type theory; - Software and its engineering — Functional
languages.
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1 Introduction

Software is the art of embodying human ideals on finite physical machines. This tension naturally
leads to two major programming paradigms. One is functional programming, more on the side
of humans. It offers high-level abstractions and safety for smooth human reasoning. The other
is imperative programming, more geared toward machines. It offers low-level stateful operations,
enabling great performance. Unifying these two programming paradigms has been a long-standing,
central topic in programming language research.

Functional programming favors purity, or the property that the result of the computation is
always the same regardless of the timing and context. Purity allows one to safely forget the
physical machine state and reason about behaviors just as in mathematics. It enables safe lazy
evaluation, safe concurrency, and deep program optimizations such as fusion. Moreover, a number
of languages—e.g., Haskell [Hudak et al. 1992], F*[Swamy et al. 2016], and Lean [de Moura et al.
2015]—rigorously ensure that every computation is pure, unless marked otherwise. Especially in the
presence of concurrency, purity is really helpful because it eliminates tricky, subtle concurrency
bugs that occur only with low probability depending on thread scheduling.

Purity is thus desired, but naively it causes significant runtime overhead to keep all data persis-
tently. This calls for unifying pure functional programming with performative, stateful imperative
programming. A long-known baseline approach to this is the ST monad [Launchbury and Pey-
ton Jones 1994]. The monad ST*® a allows efficient stateful computation, but its result can still be
taken out into pure computation, unlike the IO monad [Peyton Jones and Wadler 1993].

* This is an extended version of the PLDI 2026 paper [Matsushita and Ishii 2026b] with an appendix on the formal
calculus and metatheory.
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Table 1. High-level comparison of our Pure Borrow with existing approaches. Yes @ / No O. Mutate: Supports
destructive mutation. Pure: The result can be safely taken out in pure computation. Parallel: Supports safe
parallel execution. Aff. mut.: Supports affine mutable references (© for droppable but copyable mutable
references). Leak-free: Guarantees the absence of resource leaks.

Mutate Pure Parallel Aff. mut. Leak-free

Pure computation only

IO monad [Peyton Jones and Wadler 1993]

ST monad [Launchbury and Peyton Jones 1994]
Rust [Matsakis and Klock 2014]

Pure Linear Haskell [Bernardy et al. 2018]

RIO monad [Bernardy et al. 2018]
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Another promising approach to this goal is to localize mutation using linear or affine types
[Wadler 1990; Turner et al. 1995; Wansbrough and Peyton Jones 1999], requiring resources to be
used exactly once (linear) or up to once (affine), inspired by Girard [1987]’s linear logic. Linear
or affine types can localize the effect of state mutation, especially for safety. Also, linearity can
prevent resource leaks. Haskell, a purely functional language, was recently extended with linear
types by Bernardy et al. [2018], in the name of Linear Haskell. It achieves safe state mutation inside
pure computation, while supporting concurrency and ensuring leak freedom unlike the ST monad.
It also introduced a leak-free variant of the IO monad, called the RIO monad.

However, it remained unknown whether such a pure language as Linear Haskell could safely
support borrowing in the sophisticated style of Rust [Matsakis and Klock 2014], a highly successful
imperative language with affine types. While Rust-style borrowing originates from the long line of
work on region types [Tofte and Talpin 1994; Fahndrich and DeLine 2002; Grossman et al. 2002;
Fluet et al. 2006; Haller and Odersky 2010], it features a distinct form of non-locality: each borrower
can be freely split and dropped (i.e., affine), and its ownership is non-locally returned to the lender
without direct communication. This flexibility offers an advantage over the existing Linear Haskell
APIs, which require direct threading of ownership.

We answer the question above affirmatively with this work, Pure Borrow. Our contributions are
summarized as follows:

e We develop Pure Borrow, a novel framework that realizes Rust-style borrowing in Linear
Haskell with purity. (§3). Table 1 shows a high-level comparison with existing approaches.
Notably, Pure Borrow features parallel state mutation with affine mutable references inside
pure computation, unlike the IO and ST monads and existing Linear Haskell APIs. It also
enjoys purity, lazy evaluation, first-class polymorphism and leak freedom, unlike Rust.

e We implement Pure Borrow simply as a library in Linear Haskell and demonstrate its power
by a case study on parallel quicksort (§4). Notably, our implementation compiles with the
current Haskell compiler GHC 9.10+, without any modification to the compiler.

o We formalize the core of Pure Borrow and build a metatheory that works toward establishing
safety, leak freedom and confluence, with a new, history-based model of borrowing (§5).

We also explain the background (§2), compare Pure Borrow with existing approaches (§6), and
discuss related and future work (§7). Our Haskell implementation of Pure Borrow and our benchmark
suite are archived at [Matsushita and Ishii 2026a], and the latest version is maintained at https:
//github.com/SoftwareFoundationGroupAtKyotoU/pure-borrow.
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2 Background

Before diving deeply into our work, Pure Borrow, we briefly review prior approaches to local state
mutation inside pure computation in Haskell, namely the ST monad and Linear Haskell.

2.1 ST Monad

The classical approach to achieve local mutation in Haskell is the ST monad [Launchbury and
Peyton Jones 1994], as mentioned in §1.

data ST® a example :: (Int, [Int])
instance Monad ST* example = runST do
runST :: (Vs.ST®a) —» a vec < newVectorsy [0, 1, 2]

modifyAtst 0 (+ 3) vec; modifyAtst 2 (+ 5) vec
modifyAtst 0 (X 4) vec; n < readAtst 0 vec
pure (n, elemsgrt vec)

data Vector; a

newVectorst :: [a] — ST® (Vectorg; a)
elemsst = Vectorg, a — ST* [a]
writeAtst = Int — a — Vectorgr a — ST* () modifyAtst i f vec = do

readAtst :: Int — Vectorg;a — ST® a a « readAtsr i vec; writeAtst i (f a) vec

Fig. 1. ST monad APIs and an example usage.

Figure 1 summarizes APIs and an example usage of the ST monad. The monad ST* a is param-
eterized with a region parameter s. In the ST monad, one can freely use mutable state such as a
vector Vector a', bound to some region s. In other words, a region s represents memory locations
that are allocated and kept during ST*. Most notable is the function runST, which can strip off the
ST monad into a pure computation. Its key trick is to use rank-2 polymorphism over the region
variable s (technically working as a skolem). This aptly encapsulates a fresh region s for mutable
state inside ST*® and prohibits it from leaking outside.

Although the ST monad is widely used in Haskell, it has a major limitation: it does not support
parallelism. The ST monad allows shared mutable state like Vectorg, a. Parallelism would allow
multiple threads to mutate such state. The result of computation could nondeterministically depend
on thread scheduling, making runST, the embedding to pure computation, unsound.

2.2 Linear Haskell Before Pure Borrow

A recent groundbreaking take on purity and mutation is Linear Haskell [Bernardy et al. 2018],
which retrofits a linear type system [Wadler 1990] onto Haskell. Notably, it is implemented as a
practical, stable extension called LinearTypes in the Glasgow Haskell Compiler (GHC).

Linear Haskell simply adds the linear arrow type a —o b, along with the original unrestricted
arrow type a — b. Roughly speaking, the linear arrow a — b enforces that the argument a is used
exactly once in b.? This linearity is the key to safely introducing mutable state.

Figure 2 shows core APIs and an example usage of Linear Haskell. We feature here the linear
mutable vector type Vector a. Most notable is the modifyAt_ operator. A call modifyAt_ i f vec
performs an in-place mutation of the vector vec, applying f to the i-th element, and outputs the
updated vector. Notably, unlike the traditional purely functional style, the old value of the vector
can be safely lost. This is because there is no other alias to the original vec, thanks to the linearity

1 The term ‘vector’ is commonly used in Haskell for a slice to an array. It amounts to the slice type [T] in Rust.
2 Due to lazy evaluation, this is actually more subtle. Bernardy et al. [2018] describe the condition more precisely as follows:
whenever the output b is consumed exactly once, the input a is consumed exactly once.
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data Ur a where Ur:: a — Ura example = Ur (Int, [Int])

class Linearly; linearly :: (Linearly =o Ura) — Ura example = linearly do°

class Movable a where move :: a — Ura vec « newVector [0, 1, 2]
data Vector a vec « modifyAt_ 0 (+ 3) vec
newVector :: Linearly =o [a] —o Vector a vec «— modifyAt_ 2 (+ 5) vec
freeVector :: Vector a —o [a] vec < modifyAt_ 0 (X 4) vec
modifyAt_ :: Int — (a — a) —o Vector a — Vector a (Ur n, vec) « readAt_ 0 vec
readAt_ :: Movable a = Int — Vector a —o (Ur a, Vector a) move (n, freeVector vec)

class Consumable a where consume :: a — ()
class LinearOnly a; withLinearly :: LinearOnly a = a — (Linearly o a—or) o r
par ::a—o b —o (a, b)

Fig. 2. Core Linear Haskell APls and an example usage before Pure Borrow.

of Vector a. Technically, this is guaranteed by the linear constraint Linearly =o in the type of the
newVector operator creating a new vector, as we explain later.

Pure do-notation. Throughout the paper, we use do’-notation for pure computations, analogous
to the usual do-notation for monads. Roughly speaking, the monadic binding ... « ... in do’
works like the let-binding let ... = ... in, but the former is often a better fit in Linear Haskell,
because it supports shadowing and adopts strict pattern matching, unlike the latter.® Practically, we
can use this kind of custom do-notation by the QualifiedDo extension.

Opting out linearity. We introduce a special data type Ur a (‘Ur’ stands for ‘Unrestricted’). It
means that its content a can be used any number of times (i.e., be freely shared and dropped) even
under linear binding, analogous to the !-modality in linear logic. The type class Movable a abstracts
data types that can be moved to an unrestricted context, i.e., put under Ur. Some primitive types
such as (), Bool and Int are Movable. Also, containers such as the list [a] and the pair (a, b) are
Movable if the component types a, b are Movable. The type class Consumable a abstracts data
types that can be consumed (but not necessarily be shared) under linear binding.

Linearly. In this paper, we use a special type class called Linearly, proposed by Spiwack et al.
[2022]. Tt is introduced as a linear constraint Linearly =o, which is a linear version of a usual type
class constraint such as Ord a = . Essentially, =o is just a variant of —o where the argument is
managed implicitly (just like = is a variant of — with an implicit argument).

The type class Linearly serves as a witness of linearity, or a guarantee that the current computation
is inside a linear thunk introduced by a special operator linearly. Functions that create new mutable
state, such as newVector for Vector a, typically take Linearly, because the output mutable state
captures Linearly and thus is used linearly. At a high level, the operator linearly is analogous to the
ST monad’s runST: it embeds computation with mutable state into a pure context. It also introduces
Linearly, somewhat like how runST introduces s.

To see how Linearly serves for safety, first imagine a fake API newVector :: [a] —o Vector a
without Linearly constraint. We can weaken the linear arrow of newVector to a usual arrow to

3 In Linear Haskell, shadowing is useful because it is common to thread through the same resource linearly, and strict
pattern matching is often required to satisfy linearity. The let-binding in Haskell disallows shadowing to allow recursion
such as let ones = 1 :: ones, just like let rec in ML, and adopts lazy pattern matching.
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get newVector :: [a] — Vector a.* Combined with freeVector :: Vector a — [a], it easily causes a
dangerous double free, violating memory safety. The linearity witness Linearly solves this. The only
way to (newly) introduce Linearly is by calling linearly :: (Linearly = Ur a) —o Ur a. It requests a
linear function Linearly =o Ur a that linearly takes Linearly. By letting newVector take Linearly =o,
the resulting Vector a captures a linear resource Linearly and thus will not be shared unrestrictedly.
See [Spiwack et al. 2022, 2026] for more details.

For utility, we also have the LinearOnly type class, which abstracts over data types that can be
introduced only inside linear contexts, such as Vector a. In the presence of such data types, we can
safely get Linearly, using the withLinearly operator.

The type class Linearly is treated very specially as a linear constraint =o: it can be freely finitely
duplicated or discarded (but not unrestrictedly shared), automatically by the type system.’

Parallelism. Pure Linear Haskell supports parallel execution, like pure non-linear Haskell. For
example, par a b evaluates a and b in parallel and combines their outputs. The point is that the
linear arrow —o of par ensures that the mutable resources owned by a and b are disjoint. This is
unlike the ST monad, which does not support parallelism lacking such knowledge of disjointness.

On the example. The example in Fig. 2 corresponds to that of Fig. 1. As expected, it type-checks
and evaluates to Ur (12, [12, 1, 7]). Still, threading of vec is quite in the way. Although the order of
updates to the 0th element matters and they cannot be swapped, updates to the Oth element and
the 2nd element can be swapped and should be able to be parallelized. Reads can also be swapped.
Threading of the whole vector vec interrupts such natural swapping. This motivates our work,
Pure Borrow, and we come back to this point later in §3.1.

3 Overview of Pure Borrow

We now provide an overview of our Pure Borrow framework. We first give a taste of it (§3.1),
showing how it can parallelize the previous example Fig. 2, and then present its details (§3.2).

3.1 Taste of Pure Borrow

Rust-style borrowing. Pure Borrow features Rust-style borrowing [Fahndrich and DeLine 2002;
Grossman et al. 2002; Fluet et al. 2006; Haller and Odersky 2010; Matsakis and Klock 2014] safely
and purely achieved in Linear Haskell. But what makes Rust-style borrowing so special?

Figure 3 illustrates the concept of Rust-style borrowing. An original owner T can be mutably
borrowed to create a mutable borrower Mut® T and a lender Lend” T for a time period called the
lifetime .. A mutable borrower can freely mutate the data during the lifetime «. Notably, borrowers
are affine: they can be freely split (e.g., Mut® T into borrowers Mut® Uy, Mut® U, of subregions)
and dropped at any time before the end of «. After the lifetime o ends, the lender can reclaim full
ownership of T. One might wonder how this happens non-locally, without direct communication
of ownership from borrowers to the lender. Intuitively, ownership thrown away by borrowers
is collected behind the scenes and finally returned to the lender once the lifetime « ends. This
non-local handling of ownership and data is the distinct feature of Rust-style borrowing.

S

Recall that the linear arrow —o is a promise by the callee to use the argument once, not a request to the caller.

As of now, linear constraints and Linearly have not yet landed in GHC. Still, we can already get the same functionality by
introducing Linearly as a linear type (using Linearly —o instead of Linearly =o), manually handling instances of Linearly.
Our Haskell implementation of Pure Borrow does this, and thus it compiles with GHC 9.10+. Our metatheory (§5) also
follows this style for simplicity. In this paper, we use linear constraints and Linearly in (informal) Haskell code just as a
useful automation just for the brevity of presentation.

In Rust, a mutable borrower (our Mut® T) is typed &'a mut T, but lending is only implicitly managed, lenders not being
first-class citizens. Please see §6 for more detailed discussion.

5
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. . 1
Lender Lend* T Lifetime « :

Borrow
\ Mut® U,
e %

e T &y

Mut® UZ

Owner T

T Reclaim T

Mutable borrower

Fig. 3. Rust-style borrowing illustrated. Each Ferris corresponds to a borrower. Ferris illustrations by Karen
Rustad Télva, CCO, via https://rustacean.net.

Core of Pure Borrow. Now let’s see how Rust-style borrowing works in Pure Borrow.

type BO” a; type End” 1 example :: Ur (Int, [Int])
type Mut” a; type Share” a; type Lend” a 2 example = linearly do®
3 vec « newVector [0, 1, 2]

runBO :: Linearly =o

BO d
(Va. BO” (End* — a)) — a v N
. , 5 let !(mvec, lend) = borrow vec
borrow :: Linearly =o a —o (Mut“ a, Lend” a) .
, 6 mvec < modifyAt 0 (+ 3) mvec
share :: Mut” a —o Ur (Share” a) .
. . 7 mvec < modifyAt 2 (+ 5) mvec
reclaim :: Lend” a — End* — a .
8 mvec « modifyAt 0 (X 4) mvec
modifyAt :: Int — (a —0 a) — 9 let !(Ur svec) = share mvec
Mut® (Vector a) — BO“ (Mut” (Vector a)) 10 Ur n « copyAt 0 svec
copyAt :: Copyable a = Int — 1 pure Aend — move
Share” (Vector a) — BO“” (Ur a) 12 (n, freeVector $ reclaim lend end)

Fig. 4. Core APIs of Pure Borrow and an example usage.

Figure 4 shows the core APIs and an example usage, implementing the same logic as Figs. 1 and 2.7
At first, it proceeds similarly to Fig. 2 by allocating a linear mutable vector vec with newVector.
But then we run a computation with borrowing using runBO (Line 4). Crucially, runBO can run
BO“ inside a pure computation, with a guard by rank-2 polymorphism over the lifetime «. The
BO monad BO“ is a novel monad we introduce in Pure Borrow, and it denotes a computation that
can be run during the lifetime «. The mechanism of runBO and BO is akin to runST and the ST*®
monad (recall Fig. 1, §2.1). Now we borrow the vector vec under «, obtaining a mutable borrower
mvec :: Mut” (Vector Int) and a lender lend :: Lend” (Vector Int) (Line 5). We can do mutations
over the vector using mvec (Lines 6 to 8). Then we share the affine mutable borrower mvec to
get a shared borrower svec :: Share” (Vector Int) (Line 9) and read the value at the index 0 with
copyAt (Line 10). Notably, svec is wrapped in Ur, so we can use it arbitrarily many times, especially
for reading with copyAt. We are reading only once in this example, but we could add more reads
without any rebinding of svec. Finally, we can reclaim the lender (Line 12) to retrieve Vector Int,
once given by runBO a dead lifetime token end :: End“, asserting that the lifetime « has ended.

7 The bang ! makes a pattern strict, not lazy, and here serves to pass type checking. The reader can safely ignore it.
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Parallelism. With Pure Borrow, we can go further: mutations on different elements can be
performed in parallel. Such safe parallel mutation in pure computation is a central benefit of Pure
Borrow, practically demonstrated later in §4.

let !(mvecy, mvecy) = splitAt 1T mvec
(mvec, ()) « parBO
(do mvec; < modifyAt 0 (+ 3) mvec;
modifyAt 0 (X 4) mvec;)
(consume <$> modifyAt 1 (+ 5) mvecy)

parBO :: BO“ a —o BO“ b —o BO“ (a, b)

splitAt :: Int — Borrow,’ (Vector a) —o
(Borrow,; (Vector a), Borrow,’ (Vector a))

Fig. 5. Pure Borrow APlIs for parallelism and an example usage, modifying Lines 6 to 8 of Fig. 4.

Figure 5 shows a parallel variant of the mutation part (Lines 6 to 8) of Fig. 4. First, we split
with splitAt the mutable borrower mvec at the index 1 into two disjoint mutable borrowers mvec;
and mvec,. Then we use our key API, parBO, for parallel composition of BO monads. Here, the
first thread mutates the Oth element twice through mvec; and the second thread mutates the 2nd
element (of mvec) once through mvec;. Linearity —o plays a vital role in the safety of parBO: thanks
to linearity, the ownership held by the two BO monads is mutually disjoint, which ensures that
their mutations can safely be performed in parallel, while retaining purity.

Reborrowing. There was one thing we glossed over in the previous example Fig. 5. The new mvec
obtained from parBO is actually mvec; in disguise. Can we do better?

Reborrowing solves this kind of situation. It creates a borrower that borrows ownership from an
existing mutable borrower for a shorter lifetime.

((), mvec) « reborrowing mvec Amvec —

. let !(mvecy, mvecy) = splitAt 1 mvec in
reborrowing ::

Mut” a —o (¥ . Mut’"“ a — BO/"*'r) —
BO® (r, Mut” a)

consume <$> parBO
(do mvec; « modifyAt 0 (+ 3) mvec;
modifyAt 0 (X 4) mvec;)
(modifyAt 1 (+ 5) mvecy)

Fig. 6. Reborrowing APl and an example usage, modifying Lines 6 to 8 of Fig. 4.

Figure 6 shows an API, reborrowing, and an example usage of it. The function reborrowing
creates a mutable reference mvec :: Mut”"“ (Vector a) that only lives during the execution of the
function. Using this new mvec, we can perform parallel mutation just like in Fig. 5. Finally, the
function restores the original mutable reference mvec :: Mut®, which has access to the whole vector.
To obtain a shorter lifetime than «, we use the intersection A « of « with a fresh lifetime .

3.2 Details of Pure Borrow

Now that we know the taste of Pure Borrow, let’s take a closer look at it. Figures 7 to 14 present
the central APIs of Pure Borrow. One beautiful aspect is that high-level APIs can be derived from
simpler primitives, thanks to Haskell’s expressivity.

Lifetimes. Figure 7 summarizes APIs for lifetimes. A lifetime « :: Lifetime is an atomic lifetime
Al ¢ for some id (, the static lifetime Static that lives forever ('static in Rust), or an intersection
A of lifetimes. As we saw above, lifetime intersection plays a key role in reborrowing. Lifetime
inclusion o < f3 is the partial order naturally induced, regarding A as the greatest lower bound and



8 Yusuke Matsushita and Hiromi Ishii

data Lifetime = Al ¢ | (« = Lifetime) A (f :: Lifetime) | Static
class (o :: Lifetime) < (f :: Lifetime)

data Now=Lifetime. qagq EpdesLifetime. o stance LinearOnly Now”; instance Movable End“
newLifetime :: Linearly =o (¥4, Now”!* —o a) —o a; endLifetime : Now”!'* —o Ur End”'

Fig. 7. Core APIs for lifetimes.
newtype BO®#Lifetime 5. e 2 — BO” a
(>=) :: BO” a =0 (a — BO“ b) -0 BO”* b; parBO :: BO“ a — BO” b — BO“ (a, b)
execBO :: Now” —o BO” a —o (Now", a) sexecBO :: Now” — BO#'* a = BO* (Now”, a)

runBO :: Linearly =o srunBO :: Linearly =o
(V. BO” (End” — a)) — a (V. BOP (End” — a)) - BO“ a
runBO bo = newLifetime Anow — do° srunBO bo = newLifetime Anow — do
(now, f) « execBO now bo (now, f) « sexecBO now bo
Ur end « endLifetime now; fend Ur end « pure (endLifetime now); pure (f end)

Fig. 8. Core APIs for the BO monad.

Static as the maximum element. We introduce two basic tokens for lifetimes, the live lifetime token
Now“ and the dead lifetime token End”.® The former exclusively asserts that « is ongoing, and the
latter persistently asserts that o has ended. With newLifetime, we can get Now"'* for a fresh id .
Then with endLifetime, we can consume that to get End”'. The idea of these tokens comes from
RustBelt’s lifetime logic [Jung et al. 2018a], as we discuss later.

BO monad. Figure 8 shows the APIs for our BO monad. At runtime, BO“ a is just a thunk for a,
just like ST* a, but the APIs for it are quite new. The key primitive is execBO, which takes a pure
value out of BO” using the live lifetime token Now”. Actually, a high-level combinator runBO
we used above (Fig. 4) is derived from execBO together with newLifetime and endLifetime, using
rank-2 polymorphism. Also, we have a primitive sexecBO and a derived combinator srunBO for
scoped execution of the BO monad for sub-lifetimes introduced through intersection A. It is used to
derive the reborrowing combinator we used above (Fig. 6), as shown soon (Fig. 14).

Borrowing. Figure 9 lists the APIs for borrowing. We feature Mut® a for a mutable borrower,
Share® a for a shared borrower, and Lend” a for a lender. Notably, they are just newtype wrappers
over the body type a, i.e., they have the same runtime representation as a.” Also, any Haskell type a
can be a target of borrowing. For utility, Mut” and Share” are unified into a general type Borrow;’.
The following are the core primitives: we can borrow an object to create a mutable borrower and a
lender, then we can share a mutable borrower to get an unrestricted shared borrower, and finally
we can reclaim the ownership from a lender once the lifetime has ended.

Vectors. Figure 10 shows the functions for accessing vectors through borrowers. The primitive
getAt i vec takes a borrower to the i-th element of vec. The primitive swapAt i j vec swaps the i-th
and j-th elements of vec. The primitive updateAt i k vec updates the i-th element of vec using k; it
is quite expressive, allowing access to the BO monad inside k.

8 To enhance automation, our Haskell implementation actually introduces a type class for End.
 We exploit this fact to implement various borrowing operations in the subsequent APIs (e.g., borrow, share and reclaim)
by internally using unsafe zero-cost type coercion (i.e., a representationally identity function).
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aLifetime instance LinearOnly (Mut” a)
newtype Borrowk::BorrowKind

data BorrowKind = Mut | Share instance Consumable (Mut” a)

. instance Movable (Share” a)

type Mut” = Borrow

Mut .
. borrow :: Linearly =0 a —o (Mut” a, Lend” a)
type Share” = Borrowg, i . .
Lifeti reclaim:: Lend” a — End* — a
aLiretime
newtype Lend a share :: Mut” a —o Ur (Share” a)

Fig. 9. Core APIs for borrowing.

getAt :: f<a = Int —

Borrow, (Vector a) —o BO” (Borrow, a)
swapAt i f<a = Int = Int —

Mut? (Vector a) — BO” (Mut® (Vector a))
updateAt :: f<a = Int —

(a —o BO” (b, a)) — Mut” (Vector a) —o

BO” (b, Mut” (Vector a))

modifyAt :: f <o = Int = (a— a) —
Mut® (Vector a) — BO” (Mut® (Vector a))
modifyAt i f mvec = do
((), mvec) « updateAt i
(A a — pure ((), f a)) mvec
pure mvec

Fig. 10. Core APIs for accessing vectors through borrowers.

class Copyable a; copy :: Copyable a = Share” a — a
instance Copyable Int; instance Copyable End”; instance Copyable (Share” a)

copyAt :: (Copyable a, f < @) = Int — Share” (Vector a) — BO” (Ur a)
copyAt i svec = do Ur s «— move <$> getAt i svec; pure $ Ur (copy s)

Fig. 11. Core APIs for copying.

splitPair :: Borrow}’ (a, b) —o (Borrow a, Borrow;’ b)
splitEither :: Borrow)’ (Either a b) —o Either (Borrow,’ a) (Borrow}’ b)
splitAt = Int — Borrow, (Vector a) —o (Borrow,’ (Vector a), Borrow;’ (Vector a))

Fig. 12. APIs for splitting.

Copying. We provide a mechanism called copying, as shown in Fig. 11. We can copy the body
a out of a shared reference Share” a if Copyable a holds. It holds roughly when a is a persistent
data type, such as Int, under a condition similar to but different from Movable a; Copyable does
not take ownership, while Movable does. More specifically, any persistent data types (i.e., those
without any mutable states or linear resources) can be Copyable.'’

Splitting. Figure 12 shows primitives for splitting borrowers. Our Haskell implementation in-
cludes a generic mechanism for deriving a split* primitive for various data types, not only the ones
shown here. We also have a splitting primitive for a vector. Notably, these splits can be performed
even outside the BO monad, because the information required for them is all persistent.!!

10 The class Copyable roughly corresponds to Rust’s Copy, but further allows immutable boxing (like Rust’s Box<T> but
immutable) unlike it. Notably, this enables recursive data types to be Copyable (e.g., [a] is Copyable under Copyable a).
11 Note that the length of Vector a is immutable, as the type represents a fixed-size slice of an array.
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classa<b; upcast:a<b=a—ob instance (f < o,a< b) = BO“a< BO’ b
instance (f < #,a< b,b < a) = Mut” a < Mut? b

instance a < b = Vector a < Vector b instance (f < @, a < b) = Share” a < Share’ b

instance /i < @ = End” < End” instance (# < f,a< b) = Lend” a < Lend’ b

Fig. 13. Core APIs for subtyping.

PAa

K a

joinMut :: Borrow{f (Mut” a) —o Borrow

reborrow :: Mut® a —

, reborrow mut = withLinearly mut Amut —
(Mut’ " a, Lend” (Mut® a))

let !(mut’, lend) = borrow mut in
reborrowing :: Mut” a —o (joinMut mut’, lend)
(V. Mut?”* a — BOP“'r) —

, reborrowing mut ko = withLinearly mut Amut —
BO“ (r, Mut” a)

srunBO do
sharing :: Mut” a — let (mut’, lend) = reborrow mut; r < ko mut’
(¥ S. Share””* a — BO/"“'r) —o pure Aend — (r, reclaim lend (upcast end))

BO“ (r, Mut” a)

copyAtMut :: (Copyable a, f < o) =
Int - Mut® (Vector a) —
BO’ (Ur a, Mut® (Vector a)) copyAtMut i mvec = sharing mvec $ copyAt i

sharing mut ko = reborrowing mut Amut —
let !(Ur shr) = share mut in ko shr

Fig. 14. Primitive and derived operators for reborrowing.

Subtyping. We introduce subtyping a < b as a type class, as shown in Fig. 13. Subtyping is crucial,
especially for modifying the lifetime information. Note that the mutable vector type Vector a is
covariant, because it is used linearly. On the other hand, the mutable borrower type Mut” a is
invariant over the body type a, because the body is mutably shared between the borrower and the
lender. This aspect is identical to Rust’s subtyping.

Reborrowing. Figure 14 shows the primitive and derived combinators for reborrowing. Interest-
ingly, the core primitive for reborrowing is joinMut, which flattens a borrower over a mutable
borrower, taking the intersection lifetime. The key case is when it is instantiated for Mut, with
type Mut” (Mut” a) — Mut”"* a. A simple operator reborrow can be derived from that, simply
by borrowing a mutable borrower and joining that. Now we can derive the useful combinator
reborrowing used above (Fig. 6) for reborrowing a mutable borrower, using a delimited scope of
a sub-lifetime introduced by srunBO. We can then derive sharing from reborrowing, which can
temporarily share a mutable borrower within a scope. For example, from it we can immediately
derive a useful function copyAtMut for reading an element from a mutable borrower.

RustBelt and Pure Borrow. Jung et al. [2018a] developed RustBelt, a semantic soundness proof
of Rust’s ownership type system, by building the lifetime logic, a library for modeling Rust-style
borrowing in the separation logic Iris [Jung et al. 2015]. Some of Pure Borrow’s design ideas originate
from RustBelt’s lifetime logic [Jung et al. 2018a]. These include lifetime tokens Now” and End” and
the use of joinMut for reborrowing. Nevertheless, designing Pure Borrow safely required careful
thought because the lifetime logic (or Iris in general) does not guarantee purity or leak freedom.
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Expressivity compared to Rust. Notably, Pure Borrow supports non-lexical lifetimes [The Rust
Community 2017] to some extent. Although our high-level combinators runBO and srunBO offer
lexically scoped lifetimes, we also provide more primitive APIs, execBO, sexecBO, newLifetime
and endLifetime, for managing lifetimes manually with lifetime tokens Now® and End“. This is
similar to what RustBelt [Jung et al. 2018a] does to model Rust’s lifetime-based type system using
lifetime tokens. Still, Pure Borrow lacks a highly automated borrow checker like Rust has, and such
smooth automation in Pure Borrow is left for future work.

Some advanced borrowing patterns available in Rust are not supported in Pure Borrow, on the
other hand. For example, let us consider the following Rust code:

enum Sum<A, B> { Left(A), Right(B) }
fn test<A, B>(mut s: Sum<A, B>, newb: B) — Option<Sum<A, B>> {
match s { Sum:Left(a) = {drop(a); None }
Sum::Right(ref mut b) = {«b = newb; Some(s) } } }

This is a mixture of moving and borrowing, enabled by Rust’s ref pattern.!? Pure Borrow does not
support this kind of advanced borrowing pattern because it requires pattern matching to be tightly
coupled with borrowing.

4 Case Study and Evaluation

We have implemented the Pure Borrow APIs presented in §3 as a pure-borrow package in Haskell,
which compiles with the current Haskell compiler GHC 9.10+. In this section, we demonstrate its
power with a case study: parallel quicksort [Hoare 1961] implemented in our library.!®

4.1 Parallel Quicksort Implementations

We have two implementations of parallel quicksort: a naive version and a work-stealing version. In
what follows, we present these implementations and discuss the expressiveness of our APIs.

Naive parallel quicksort. Figure 15 shows our naive implementation of parallel quicksort. The
function gsort is the main part. It creates a spark (lightweight thread) for each partitioned sub-
vector, as illustrated in the figure. Its budget upper-bounds the number of sub-vectors, and it falls
back to sequential execution if the budget is exhausted. The function proceeds as follows. If the size
of the vector is more than one, it selects a pivot value from the middle of the vector (Line 6) with
copyAtMut—recall that it is implemented with reborrowing, as shown in Fig. 14. Then it calls divide,
which we explain soon, to partition the mutable borrower mvec into low and high parts (Line 8).
Finally, it recurses on the sub-vectors with halved budgets (Line 10). The calls are combined using
the parlf combinator, which invokes parBO (Fig. 8) to evaluate both arguments in parallel if the
budget remains, or otherwise executes them sequentially.

Division. Figure 16 shows the divide function that partitions the given vector into low and high
parts according to the pivot value. This is an almost literal translation of the partitionBy function
from vector-algorithms package [Doel and de Castro Lopo 2025] with our API The function
works in two modes: partUp and partDown, which scan and grow the lower and upper ends of the
active interval, respectively. When an out-of-place element is found, it swaps the elements at the
two indices and switches mode with swapAt (Line 12). When the two indices meet, it splits the
vector into two parts with splitAt (Lines 8 and 13) and returns them.

12 n the Left case, the body a: A of s is moved out and dropped, whereas in the Right case, the body of s is mutably borrowed
as b: &mut B. Therefore, s is partially moved out only in the first case and mutably borrowed only in the second case.

13 Our implementation and benchmark suite are archived at [Matsushita and Ishii 2026a], and the latest version is available
at https://github.com/SoftwareFoundationGroupAtKyotoU/pure-borrow.
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-

gsort :: (Ord a, Copyable a, f < @) = Int — Mut” (Vector a) — BO” ()
gsort budget mvec = case size mvec of

)

3 (Urn, mvec) | n <1 — pure $ consume mvec -y
: budget = 4
4 | otherwise — do
- e

5 leti = quot n 2 ' budget = 2
6 (Ur pivot, mvec) < copyAtMut i mvec
7 (mlo, mhi) « divide pivot mvec 0 n budget = 1
8 let budget’” = quot budget 2 _ . _
. consume <$> parlf (budget’ > 0) Each @ depicts a llght\f\/elg.ht thread

, , . spawned by parBO. Ferris: Télva, CCO.
10 (gsort budget” mlo) (gsort budget” mhi)
11 where
12 parlf b = if b then parBO else Alr — do | « |; r « r; pure (I, r)

gsort’ :: (Ord a, Copyable a, Movable a) = Int — [a] — Ur [a]
gsort’ budget xs = linearly do®
vec < newVector xs
runBO do (mvec, lend) < borrow vec; gsort budget mvec
pure $ move . freeVector . reclaim lend

Fig. 15. A naive parallel implementation of quicksort and an illustration.

1 divide :: (Ord a, Copyable a, f < o) =

2 Int > Mut” (Vector a) — Int — Int — BO” (Mut” (Vector a), Mut® (Vector a))
s divide pivot = partUp

+  where

5 partUp mvec | u

6 | I <u = do (Ur a, mvec) < copyAtMut | mvec

7 if a < pivot then partUp mvec (I + 1) u else partDown mvec | (u - 1)
8 | otherwise = pure $ splitAt | mvec

9 partDown mvec | u

10 | I <u = do (Ur a, mvec) < copyAtMut u mvec

1 if pivot < a then partDown mvec | (u - 1)

12 else do mvec < swapAt mvec | u; partUp mvec (I + 1) u
13 | otherwise = pure $ splitAt | mvec

Fig. 16. The implementation of divide function.

Work-stealing parallel quicksort. While the previous implementation is concise, it is rather naive
because parBO is a structural parallel composition that waits for both arguments to finish, which
can lead to extra waiting time and degraded performance.

To address this issue, we develop a general, modular, safe, and efficient API for work-stealing
parallelization of divide-and-conquer algorithms, as shown in Fig. 17a. Although the work-stealing
API is designed to be used with our Pure Borrow APIs and is mostly implemented using them,
it also uses some unsafe data structures, such as concurrent queues mutated by multiple threads
under the hood. Hence, this API should be interpreted as a proof-of-concept demonstrating that
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data DivideConquer” a = DivideConquer { divide :: V. f < « = Mut’ a — BO” (Result” a) }
data Result” a = Done | Continue [Mut” a]
divideAndConquer :: # < @ = Int — DivideConquer” a — Mut® a — BO/” (Mut® a)

(a) General API for work-stealing parallelism.

gsortDC :: (Ord a, Copyable a, f < o) = steal jam====
Int — Int — Mut® (Vector a) — BO” (Mut” (Vector a)) K o
gsortDC nwork thresh = divideAndConquer nwork $ i)

DivideConquer Amvec — case size mvec of

e
Jpop
b
(Ur n, mvec)
| n<1— let() = consume mvec in pure Done | . - e
push

| n < thresh — Done <$> gsort 0 mvec

| otherwise — leti = quot n 2in do @

(Ur pivot, mvec) < copyAtMut i mvec
(c) Each worker @ owns a deque. It

pushes/pops at the top (near-side). An
idle worker #% steals from another’s bot-
(b) Quicksort implementation. tom. Ferris: Télva, CCO.

(mlo, mhi) « divide pivot mvec 0 n
pure $ Continue [mlo; mhi]

Fig. 17. Work-stealing parallelism.

Pure Borrow can provide good basic building blocks for more sophisticated APIs, and we do not
claim that it is the best API for work-stealing parallelism. DivideConquer wraps a function for
each step of divide-and-conquer, which takes a mutable borrower, executes in the BO monad, and
returns Result, which is either Done or Continues with divided parallelized pieces of work. Given
DivideConquer, dividleAndConquer parallelizes the whole divide-and-conquer algorithm with a
work-stealing scheduler. As illustrated in Fig. 17¢, each worker owns a local double-ended queue of
jobs, and whenever a thread finishes a job, its sub-jobs are pushed to the top. Then an idle worker
first tries to pop another piece of work from the top of its own deque, and tries to steal from the
bottom of another’s queue when its own queue is empty. We also allocate a condition variable for
each piece of work for synchronization. We carefully design divideAndConquer so that concurrent
mutation is safely encapsulated, keeping the observed behavior pure.

Figure 17b gives a more sophisticated implementation of parallel quicksort with this work-
stealing scheduler. It retains almost the same logic as the naive implementation Fig. 15, but returns
“divided” pieces of work instead of recursing on the sub-vectors. If the size of the vector is less than
a given threshold, it falls back to sequential quicksort.

Notably, this is efficiently parallelized thanks to the absence of post-processing, which benefits
greatly from affine mutable borrowers in Pure Borrow. Traditional move-based APIs would require
post-processing to join vectors (see Splitting with reversion in §6 for a detailed discussion).

4.2 Benchmark Results

To evaluate performance, we measured the runtime and memory allocation for randomly generated
integer vectors of varying sizes. We compared our two implementations with the introsort'
implementation in the vector-algorithms package [Doel and de Castro Lopo 2025], widely used
in industry. More concretely, we compare the following implementations: Introsort, industrial-
level sequential introsort from the vector-algorithms package; Sequential, sequential quicksort,

4 Introsort [Musser 1997] is a variant of quicksort that cleverly switches to heap or insertion sort to improve performance.
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Fig. 18. The performance of parallel quicksort implementations.

i.e., our naive quicksort in Fig. 15 with budget = 0, serving as the baseline; Naive N, our naive
parallel quicksort (Fig. 15) with budget = N, dividing the whole vector into at most N pieces; and
WS N, our work-stealing parallel quicksort (Fig. 17) with thresh = 16 and N worker threads. The
benchmarks were run with the tasty-bench framework [Lelechenko 2021] on a MacBook Pro
2024 with an Apple M3 chip (4 performance cores and 6 efficiency cores) and 16 GB of RAM. All
cases were run with the +RTS -N10 option, enabling parallelism on 10 cores.

Figure 18 shows the benchmark results. Overall, our parallel quicksort implementations have
considerably faster runtimes than the sequential quicksort, and our work-stealing versions largely
outperform the naive ones in runtime. These results are promising and demonstrate the eligibility
of our Pure Borrow APIs as building blocks for sophisticated parallelism. Although our current
parallel quicksort implementations do not outperform the industrial-level introsort, we believe that
more sophisticated implementations can further improve performance.

4.3 Summary

Our Pure Borrow framework enables writing safe, pure, and efficient algorithms with parallelized
mutation concisely in Linear Haskell. Our parallel quicksort implementations written in our Pure
Borrow APIs showed promising performance.

5 Formal Calculus and Metatheory

We have seen above that our Pure Borrow framework is powerful, providing safe, rich abstraction
for efficient mutation. But is this powerful extension to Linear Haskell really safe?

To answer this question, we formalize Linear Haskell extended with Pure Borrow (§5.1, §5.2) and
establish a metatheory for its safety, leak freedom and confluence (§5.5). For purity, we develop
two operational semantics, one for physical behavior and the other for mathematical modeling (§
5.3), and formulate a type-based relation between the two (§5.4).

5.1 Program Syntax

Figure 19 shows the program syntax.!> We keep the language minimal while supporting the core
functionalities of borrowing. Values of the BO monad are constructed with monad constructors mo.

15 The small numbers (e.g., 2 in (+) 2) show the arity. For simplicity, we don’t have partial application to op, mo, and C.
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Variable Var 3 x,y,z Data constructor C
Integer operation iop = (+) 2 | (X) 2 | --- Integer relation irel == (<) 2 | ---
Operator op = iop | irel | par 2 | consume 1 | move 1 | linearly 1 | withLinearly 1

| newRef 2 | freeRef 1 | newLifetime 2 | endLifetime 1
| borrow 2 | share 1 | copy 1 | joinMut 1 | reclaim 2 | execBO 2

Monad constr. mo == pure 1 | (3>=) 2 | sexecBO 2 | parBO 2 | deref 1 | updateRef 2
Term Term > t,u == x | letx=tinu | Ax—>t | tu | seqxt | n
| Ct| casetof {Cx—>u} | opf | mot

Fig. 19. Program syntax.

Lifetime variable a, 3 Lifetime id ¢ Lifetime «,f u= al. | static | aAf | a
Multiplicity variable m, u Multiplicity 7, p == 1| w | [IT
Type variable X,Y Variable x = a | ¢t | | X
Type constructor F Borrower constructor B = Mut | Share

Type Type> T,U := Vx.T | X | T—=,U | FT | Int | Linearly
| RefT | Now” | End” | BT | Lend”“T | BO“T

T—oU 2 T—>,U T—>U £ T—->,U

Data type declaration data F X where C:T —, FX Typing context I' A = x:,T

Fig. 20. Syntax for the type system.

The biggest difference from §3 is that, for mutable state, our language supports only references
Ref and omits vectors Vector for simplicity. Note that we can still emulate the functionality of
Vector a by a list of references [Ref a].

5.2 Type System

We also formalize the type system. This is largely straightforward, following the approach of
Bernardy et al. [2018]. Figure 20 presents the syntax for it.!® The function type —  is parameterized
by the multiplicity =, representing linear (1) or unrestricted (w) binding. For simplicity, we do
not introduce type classes, and the linearity witness Linearly is just a linear data type. Notably,
we support first-class polymorphism, including rank-2 polymorphism. Typing rules are quite
straightforward formalization of §3.2. Please see Appendix A.1 for the details.

5.3 Two Operational Semantics

Why is Linear Haskell extended with Pure Borrow still pure, while supporting flexible mutation
with Rust-style borrowing?

To answer this question, we introduce two execution models for our formal calculus. A natural one
is mutative operational semantics, which explicitly owns the global memory state and destructively
mutates the state as the computation progresses. What is notable is the other one, denotational

16 For each type constructor F, we assume a data type declaration, which can be recursive.
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Value v == Ax->t | n| Cx | mox
Evaluation context K = [] | [[]x | seq[]x | case [Jof {Cx—->t} | opx[]y

(a) Common things.

Location ¢ Memory M := (> x Borrower constr. B := Mut” | Share

Extravalue d = 0 | 0y | Refx

Extravalue d = 0 | Ref¢ | Done x 5
| Lend®x | Doney x

Extra operator op := Extra operator 6p t=

T fa=1t|d X ; P 5
e L ld | opx Term f,u ==t |d| opx | Bi
Value 8w = 0| d Value 6,w == o | d | Bo

Evaluation context K := K | dpx[]y  Evaluationctx. K := K | opx[1y | BK

Env. E 2= x=1 Config. G = E;M;x Env. E 2= x=46 Config. G = E;x
(b) For mutative semantics. (c) For denotational semantics. Also see Fig. 22.

Fig. 21. Core syntax for the two operational semantics.

operational semantics. It is free of the global memory state and instead locally manages information
about each part of the state according to ownership. This localizes mutation and executes much like
purely functional languages. Indeed, denotational operational semantics is designed to be strongly
confluent (Theorem 5.1, §5.5), and thus serves as the witness for the purity of our Pure Borrow.
Later, we establish an association system (§5.4), or a type-based relation between the two execution
models, and state that the relation is actually a bisimulation (Conjecture 5.5, §5.5), which entails
that well-typed programs behave the same way in the two execution models. This overall scheme
largely follows the purity proof for original Linear Haskell by Bernardy et al. [2018],)” but further
introduces a new mechanism for justifying Rust-style borrowing: histories.

Histories for borrowing. As explained in §3.1 (and illustrated in Fig. 3), Rust-style borrowing is
great in that no direct communication is needed for borrowers to return ownership to the lender.
However, this poses a challenge in building a pure execution model. How can the lender know the
final result of mutation by the borrowers, when it reclaims the ownership?

To solve this, we propose a new approach: recording the history of updates on borrowed data.'8
More concretely, our denotational operational semantics goes as follows. Because each mutation
to borrowed data (more specifically, updateRef) happens inside the BO monad, executed with
execBO/sexecBO threading live lifetime tokens Now“, we can record the mutation history to the
tokens. The history can then be inherited by dead lifetime tokens End“ at endLifetime. When the
lender reclaims the ownership, we can restore the final version of the borrowed content from the
history saved in the dead lifetime token. This successfully models global communication from the
borrowers to the lender in a local way.

Overview. Now that we have a big picture, let’s dive into the two operational semantics. Figures 21
and 22 present the syntax for them. More details are presented in Appendix A.2.

17 The ordinary and denotational dynamic semantics of Bernardy et al. [2018] correspond to our mutative and denotational
operational semantics, respectively.

18 Other studies used different methods, such as prophecies, to model mutable borrowing functionally. Please refer to §7 for
a comparison of our history-based approach with these existing methods.
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Borrow id Borld > 6 Borrow path  BorPath 3 p,q = 6 | p.i
History Hist 3 H = p<x

Fig. 22. Syntax for histories in denotational semantics.

E %  x =3, main = execBO now (modifyRef (Ax > x + 4) ref)

E' £ x=3,y=17 main=(now, ref’)
ref =Ref £, now =0, E; ( — x; main ref = Mut‘s(Refx), now = 0y, E; main
—* ref’ =Ref ¢, now’ =0, E’; £ — y; main —* ref’ = Mut® (Ref y), now’ = 05, E's main

Fig. 23. Reduction example in mutative and denotational semantics.

To model Haskell’s lazy, call-by-need evaluation, both semantics are formulated in the style of
Launchbury [1993], where the environment consists of variable-term bindings. Notably, the opera-
tional semantics has a nondeterministic evaluation order, as clarified by the syntax of evaluation
contexts (K etc.), where the arguments of the operators (op etc.) are evaluated in parallel. Despite
this freedom, our language satisfies the confluence and behavior uniqueness, as discussed later
(Theorem 5.1 and Corollary 5.8, §5.5).

One major difference between the two semantics is that mutative semantics is equipped with the
global memory M, while denotational semantics lacks it. A reference Ref is modeled as the location
¢ in the former and the content x in the latter.

To support borrowing, denotational semantics handles the history H, which is defined in Fig. 22.
A borrow id 6 uniquely identifies a borrow created with each borrow. A borrow path p represents a
sub-component of a borrowed object. A history H records updates p < x of the content of a reference
at p into x (by updateRef).!” In denotational semantics, live and dead lifetime tokens are models as
0y; with a history H, and each mutable borrower puts on Mut”, where p is initially set to the borrow
id 6 just after borrow. Notably, we can freely handle nested borrowers (i.e., borrowers that contain
borrowers), thanks to the multiple paths j in the constructor Mut” (each path p; corresponds to a
different layer of borrowing). Arbitrary (possibly recursive) algebraic data types within borrowers
are also supported, using field accesses .i in borrow paths p for splitting (Flg 12) 20

Based on this syntax, we introduce the small-step reduction relations G — G’ and G — G’ for
the two operational semantics. The reduction rules are rather straightforward, with the big picture
in mind. Please refer to Appendix A.2 for the details. Figure 23 presents a reduction example in
mutative and denotational semantics,?! showcasing how mutation works.

5.4 Association System

Mutative and denotational operational semantics are designed so that their execution is parallel and
related, as informally observed in Fig. 23. We formalize this idea into what we dub the association
system. Roughly speaking, it is a variant of the type system that is dynamic—i.e., considering
intermediate execution steps—and relational—i.e., associating the two execution models.

19 A history only records the latest update for each borrow path p. So a history can have at most one item of the form p « x
for each borrow path p. The order of items in a history is ignored. We write @ for the empty history.

20 As for functions, our calculus does not offer special operations on mutable borrowers over functions. Extending Pure
Borrow with a feature like Rust’s FnMut is left for future work.

21 Here, modifyRef is a function derived from updateRef, just like modifyAt in Fig. 10, §3.2. For readability, we omit some
irrelevant variables in the environments. For both semantics, the variables ref and now are actually included in the final
environment, with the same binding as the initial environment.
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The high-level association judgment we provide is G op G, stating that the mutative and
denotational configurations G, G are related, under the return type T. To define this, we introduce
a term-level association Judgment Ik focix T, which is defined compositionally much like the
typing judgment I" + t:: T.Here, I and T are an extended version of I" and T, where I" can contain
some ‘ghost resources’ that account for advanced types (e.g., MuT? for Mut® T). The design of our
association system is highly subtle, primarily due to lazy evaluation, first-class polymorphism, and
the complex nature of Rust-style borrowing. Please refer to Appendix B for the details.

5.5 Metatheory

Finally, we introduce our metatheory for Pure Borrow, which works toward establishing memory
safety, leak freedom and confluence (or behavior uniqueness). With properly designed formalization,
especially denotational operational semantics and the association system, we can aim for the desired
properties. Please refer to Appendix C for the omitted details.

Strong confluence of denotational operational semantics. Remarkably, by design, our denotational
operational semantics is strongly confluent, i.e., satisfies the diamond property:

THEOREM 5.1 (STRONG CONFLUENCE OF DENOTATIONAL OPERATIONAL SEMANTICS). For any deno-
tational configurations G, Gy and G, such that G; # G2, G — Gy and G — Gy, there exists a
configuration G such that Gy — G4 and Gy — Gs.

On the association system. Crucially, well-typedness implies association:
THEOREM 5.2 (WELL-TYPEDNESS IMPLIES ASSOCIATION). If+ t:: T, then (x = t;;x) ocr (x = t; x).

We use the term safety on configurations for the existence of an association. More concretely, a
mutative configuration G is safe if G ccp G for some G and T, and a denotational configuration G is
safe if G o7 G holds for some G and T.

Remarkably, safety ensures leak freedom for a mutative configuration:

THEOREM 5.3 (SAFETY ENSURES LEAK FREEDOM). If x =4, E; M; x is safe, then M is empty.

Progress and bisimulation. Crucially, we expect the association system to satisfy progress and
bisimulation. This is a relational version of the well-known progress and preservation, the syntactic
approach to type soundness [Wright and Felleisen 1994].

We carefully designed our formalization to satisfy these properties and wrote rough proof
sketches for them. That said, they are currently conjectures, whose rigorous proofs are left as future
work and possibly require minor fixes to the association system.

CONJECTURE 5.4 (SAFETY ENSURES PROGRESS) For any safe conﬁguratlon G that is not a normal
form, there exists G’ such that G — G’. Also, for any safe configuration G that is not a normal form,
there exists G’ such that G — G'.

CONJECTURE 5.5 (ASSOCIATION IS A BISIMULATION). For any type T, the relation ccr is a bisimulation
with respect to mutative and denotational operational semantics.

Bisimulation clearly implies preservation of safety:

COROLLARY 5.6 (PRESERVATION OF SAFETY). Assume Conjecture 5.5. If Gis safe and G — G’ holds,
then G’ is safe. Analogously, if G is safe and G — G’ holds, then G’ is safe.
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Behavior uniqueness. Finally, with the bisimulation (Conjecture 5.5) and the confluence of deno-
tational operational semantics (Theorem 5.1), we can establish the behavior uniqueness of mutative
operational semantics under safety.”?

Definition 5.7 (Behavior in mutative operational semantics) We say G may be non-terminating
if there exists an infinite reduction sequence from G. We say G may terminate if there exists a
reduction sequence from G to some normal form. We say G may return n if there exists a reduction
sequence from G to some configuration of the form x = n, E: M; x.

COROLLARY 5.8 (BEHAVIOR UNIQUENESS IN MUTATIVE OPERATIONAL SEMANTICS). Assume Conjec-
ture 5.5. Take any safe configuration G. It is not the case that G may be non-terminating and also
may terminate. If G may return n and m, then n = m.

Proor. By Conjecture 5.5 and Theorem 5.1. O

6 Comparison with Existing Approaches

We compare our Pure Borrow with other existing approaches to borrowing and related mechanisms
for flexible resource management.

Programmable lifetime control. Rust’s borrow checker is highly automated but is largely a black
box hard to intervene with. In contrast, Pure Borrow provides programmers with great control of
lifetimes. A core idea is to use lifetime tokens Now®, End“ that represent lifetime state, inherited
from the semantic model of RustBelt [Jung et al. 2018a]. Thanks to Haskell’s advanced features,
such as first-class polymorphism, programmers can build abstractions as observed in §3. That said,
more automation in Pure Borrow would also be helpful, which is left for future work.

First-class lenders. In Rust, lenders are not first-class citizens and cannot be passed as arguments
to or returned from functions. This imposes practical limitations, e.g., in handling self-borrowing
data types. In contrast, our Pure Borrow treats lenders as first-class citizens, providing the first-
class lender type Lend” T. First-class lenders are quite underexplored so far,”> and it would be
interesting to explore their practical usage. For example, Pure Borrow can represent an integer
vector self-borrowing some element of it as 3. (Mut® Int, Lend” (Vector Int), Now®).

Leak freedom. In Rust, types are affine, not linear. One can accidentally cause leaks in Rust, for
example by constructing cyclic references under reference-counting GC [Ben-Yehuda 2015]—
finding nicknamed as Leakpocalypse. A possible improvement is to keep track of leakable types
with a special trait T: Leak,?! but this has not been adopted so far for technical reasons [Matsakis
2025]. In contrast, our Pure Borrow is carefully designed to guarantee leak freedom.?

22 One may wonder if the strong confluence of mutative operational semantics under safety derives from Conjecture 5.5
and Theorem 5.1. Unfortunately, that is not the case, because the association ccr is not left-unique. Indeed, the strong
confluence does not hold in a usual sense; for example, two reductions of distinct newRefs may unfortunately allocate
the same location /. So instead, we establish the uniqueness of behavior.

23 First-class lenders were partly supported by Nakayama et al. [2024] in the context of type-based automated verification,
but they did not even support nested references.

24 For example, integers i32 and mutable references &mut U satisfy Leak. Leak freedom would then be guaranteed by
imposing T: Leak on smart pointer types under reference-counting GC such as Rc<T> and Arc<T>.

%5 To be fair, Rust appears to be leak-free when restricted to the subset of features currently supported by Pure Borrow.
Still, we are not aware of any existing work that formally establishes the leak freedom of Rust for such a subset, and
we conjecture that Pure Borrow could be safely extended to features like reference-counting GC with leak freedom by
introducing a type class for leakable types.
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comonad comonad
Linearity many < once Ura—oa Ura—o Ur (Ura)

Uniqueness  unique < aliased a— (Mut”a,lend”a) Mut” (Mut’a) — Mut®/ a
monad monad-like

Fig. 24. Linearity and uniqueness axes in OxCaml and Pure Borrow.

Purity. A crucial design choice of our Pure Borrow is that it focuses on a pure fragment. As a
result, unlike Rust, it does not support mutable state shared across threads such as a mutex, because
the result of concurrent mutation depends on nondeterministic thread scheduling. Still, this does
not preclude sequentially shared mutable state, like Vectorg; a in the ST monad (§2.1). Indeed, we
observe that Pure Borrow can support shared mutable state by requiring a non-shareable token for
each mutation to such state, an approach akin to linear constraints in Haskell [Spiwack et al. 2022,
2026] and GhostCell in Rust [Yanovski et al. 2021].

>

Oxidized OCaml. Recently, inspired by the success of Rust, there is a movement to “oxidize’
OCaml, i.e., strengthen OCaml with resource-related information for better safety and performance
[Lorenzen et al. 2024; Georges et al. 2025]. This idea has been embodied as a practical language
extension, OxCaml [Jane Street 2025], already in use for production code.

While this has a similar spirit to our Pure Borrow, their goal is quite different. First, they do not
care much about rigorous purity, as OCaml allows side effects anywhere, unlike Haskell. Also, they
aim to keep annotations for resources very lightweight, even maintaining backward compatibility
with legacy OCaml. They add coarse-grained labels about resources, called modes. We note that
their lifetime-related modes are very coarse-grained: just local and global. They provide an API for
temporarily using a global object locally, which is somewhat like simple borrowing but without
fine-grained scoping. Rust-style borrowing of our Pure Borrow is much more expressive and
fine-grained, especially with the support of reborrowing.

An interesting high-level comparison between our approach and theirs can be made in the view
of linearity and uniqueness, as summarized in Fig. 24. As clarified by Marshall et al. [2022], linearity
is the inability to create (and drop) an alias, and uniqueness is the absence of aliases. OxCaml
introduces modes many vs. once for linearity and unique vs. aliased for uniqueness. Lorenzen
et al. [2024] point out that many is a comonad and aliased is a monad. Linear Haskell has the
linearity axis, with Ur being a comonad and an exact counterpart of many. Notably, Rust-style
borrowing of our Pure Borrow can be understood as a mechanism for allowing aliases, akin to
aliased, but with access separated by lifetimes. Borrowers Mut“/Share” and lenders Lend” assert
a possible presence of lifetime-delimited aliases—a lender for Mut®, borrowers for Lend, and a
lender and shared borrowers for Share”. Roughly speaking, borrowing borrow is like monadic
introduction, and borrower joining joinMut is like monadic joining. Still, Mut® is not exactly an
(indexed) monad, because it is not a functor, being invariant in subtyping (Fig. 13, §3.2). This view
of borrowing as aliasing provides an exciting perspective for future work.

Splitting with reversion. Spiwack et al. [2022] proposed an approach to splitting ownership with a
mechanism for reverting that. They introduce, for example, a vector type Vector a n with a phantom
parameter n for an abstract address. In their AP, the vector can be split into two vectors Vector a |
and Vector a r for some | and r under a peculiar constraint Slices n | r, and they can be later joined
back under that constraint. The core drawback of this approach is that the structure of a split
should be statically determined and tracked, so that phantom post-processing can be performed
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later to revert the split and join tokens. In contrast, our Rust-style borrowing enables dynamic,
flexible splitting of ownership, without post-processing for reversion.

Destination passing. Destination passing [Minamide 1998] is a long-known idea for achieving
efficient mutation in functional languages, and its type-safe formulation has been recently explored
[Bagrel 2024; Bagrel and Spiwack 2025]. At a high level, destination passing works like borrowing;:
the type S (|T1] ® - - - ® | T,,]) roughly denotes an object S lending its components Ty, ..., T, as
holes. Its core difference from our Pure Borrow is that one should directly modify the lender type
(on the right-hand side of ) each time one returns ownership to fill a hole.

Rust-style borrowing in functional languages. Wagner et al. [2025] presented how to augment
a linear type system of an ML-style functional language to support Rust-style borrowing. They
also proved the soundness of the resulting type system semantically using a new separation logic
that supports borrowing. This work is interesting, and their high-level goal is relevant to ours.
However, they did not clarify the purity of Rust-style borrowing, as their calculus is impure and
their metatheory does not account for functional behavior. Also, they developed a new type system
with special typing rules for borrowing and lifetimes, whereas our Pure Borrow works in existing
Linear Haskell without modification.

Monadic regions. Some studies on monadic regions [Fluet and Morrisett 2004, 2006; Kiselyov
and Shan 2008] introduced an extension of the ST monad with region inclusion for better resource
management. While they lack leak freedom, parallelism and borrowing, their monad is, at a high
level, akin to our BO monad, with region inclusion corresponding to (the dual of) lifetime inclusion.

7 Related and Future Work

Pure model of mutable borrowing. Our use of histories for purely modeling mutable borrowing is
simple but novel, and interestingly different from existing known approaches.

A notable existing technique proposed by RustHorn [Matsushita et al. 2020, 2021] is to model
Rust’s mutable borrowing functionally by prophecies [Abadi and Lamport 1988]. Prophecies are
a kind of dual of histories and allow getting information about the future, instead of the past, in
advance. In RustHorn, each mutable borrower is modeled using a prophecy that ‘foresees’ the
final value of the borrowed content. Prophecies can model mutable borrowing in a compact way
and thus are useful in automated functional verification, as demonstrated by RustHorn and its
descendant Creusot [Denis et al. 2022]. However, prophecies are not suitable for our denotational
operational semantics, because they require nondeterminism and a precise analysis of the time
point at which the ownership is released.

Another existing approach is to translate Rust programs into purely functional languages. This
has been explored by Electrolysis [Ullrich 2016] and Aeneas [Ho and Protzenko 2022; Ho 2024].
However, they are quite restrictive in terms of the supported patterns of mutable borrowing.?
Unlike such existing approaches, our model of mutable borrowing using histories can purely model
arbitrary borrowing patterns.

Type soundness proof of Rust-style borrowing. Our metatheory works toward proving type sound-
ness using an association system, a binary version of a type system, and establishes progress and
bisimulation (a variant of preservation) in the style of Wright and Felleisen [1994]. At a high level,
this strategy is similar to the correctness proof of RustHorn [Matsushita et al. 2020, 2021], which

26 Aeneas cannot handle nested mutable borrowers (e.g., &mut &mut i32) as inputs or outputs of functions [Ho 2024,
Chapter 10]. Electrolysis also has this restriction [Ullrich 2016, §6.2].
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proved the equivalence of Rust programs and their prophecy-based semantics through a bisimula-
tion. Still, technically, our proof strategy is quite different from theirs. We deal with histories instead
of prophecies, and also tackle advanced features of Haskell, such as first-class polymorphism and
lazy evaluation, unlike for Rust.

RustBelt [Jung et al. 2018a] and its descendants [Dang et al. 2020; Matsushita et al. 2022; Gaher
et al. 2024; Matsushita and Tsukada 2025] give a semantic, extensible soundness proof for Rust’s
ownership type system extended with some APIs based on the technique of semantic typing, or
logical relations [Timany et al. 2024], using the separation logic Iris [Jung et al. 2015, 2018b]. Finding
such a semantic soundness proof for our Pure Borrow framework is a major challenge left for
future work. All known separation logics that support borrowing, including Iris, are fundamentally
affine and do not guarantee leak freedom. There exists a leak-free separation logic that supports
invariants [Bizjak et al. 2019], but not yet one that supports borrowing. Also, little exploration has
been done on separation logic supporting lazy evaluation.

Proving purity. Our metatheory §5.5 works toward proving the behavior uniqueness of the phys-
ical execution model, mutative operational semantics, via a bisimulation with a special execution
model, denotational operational semantics, which is designed to be strongly confluent. However, it
does not completely establish purity in a strict sense, because denotational operational semantics
has a subtle side effect: generation of a fresh borrow id 6. The effect of id generation has been
theoretically studied for v-calculus [Pitts and Stark 1993], exploring non-trivial program equations
(contextual equivalences) as well as game semantics [Abramsky et al. 2004]. As for Pure Borrow,
we conjecture that purity holds despite id generation, thanks to access to each id & being restricted
to the mutable borrowers and the lender, which can live only inside the linear thunk for the borrow.
A significant challenge for future work is to formulate what purity under linearity is in the first
place and prove that Pure Borrow indeed satisfies it.

Equational theory. One benefit of the purity of computation is strong support for an equational
theory, which establishes non-trivial contextual equivalences between programs. It is left for future
work to develop a good equational theory for our Pure Borrow framework, prove its soundness,
and explore optimization and verification based on the theory.

One challenge is that the denotations of programs naively induced from our denotational oper-
ational semantics §5.3 (or the denotational dynamic semantics of Bernardy et al. [2018]) do not
satisfy full abstraction (i.e., contextually equivalent programs can have different denotations), due
to linearity constraints on well-typed contexts.”’

Composability with other linear effects. It is interesting to explore what kind of linear effects
our BO monad can compose with. This is non-trivial, especially because BO supports a parallel
execution primitive parBO. We conjecture that the monad is composable with the Reader r monad
for a duplicable type. Further exploration is left for future work.
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T<T T<T T'T” (Vx.T) < T[a/x] xisfreshinU UST
) T<T" R U< Vx.T
T"ST USU #n<p Vi.T;[U/X] < T;[U’/X] data FX where C: T —, FX
_ - SUBTY-DATA
To,U < T —, U FU< FU’
T<U f<a f<e T<U UST
Ref T < Ref U End® < End? Mut® T < Mut/ U
f<o T<U v<f T<U f<a T<U
Share® T < Sharef U Lend* T < Lend/ U BO“T < BOFU
Fig. 25. Subtyping rules.
rsr’ rrsr” < T<sU
r<r - h K xiT,[ < T
r<r” xinT.T < x5, U, T

Fig. 26. Rules for typing context inclusion.

Joshua Yanovski, Hoang-Hai Dang, Ralf Jung, and Derek Dreyer. 2021. GhostCell: Separating Permissions from Data in Rust.
Proc. ACM Program. Lang. 5, ICFP (2021), 1-30. doi:10.1145/3473597

A Formal Calculus

We present the omitted details of our formal calculus introduced in §5.

A.1 Type System
We present the omitted details of our type system introduced in §5.2.

Basics. The typing context I" consists of items of the form x::, T, with the multiplicity 7.

We define the multiplicity product x - g naturally,ie, 1 -7 £ 7-1 2 1,07 £ 7 -0 £ W,
[17: [Tx = [1(m ). This is introduced to define the typing context multiplication zI" (Fig. 27).
The formal product of variables [] ® is introduced for the multiplicity product.?’

Inclusion and subtyping. The lifetime inclusion o < f is the partial order over lifetimes generated
by the rules o < static, g A 1 < @; and “if f < g and ff < q, then ff < @ A @1”. The multiplicity
inclusion 7 < p is the partial order over multiplicities generated by the rules 1 < 7, 7 < ®,
7 < 7y - 71, and “if mp < pand my < p, then g - < P

Our type system introduces subtyping natively, without a function like upcast (Fig. 13, §3.2) in
our Haskell implementation. The rules for the subtyping T < U are listed in Fig. 25. To be precise,
we use mixed induction (i.e., coinduction over induction) to reason about recursive data types,
following the approach of Danielsson and Altenkirch [2010]. More specifically, the subtyping rule
SUBTY-DATA for the user-defined data type F can be applied coinductively, whereas the other rules
can only be applied inductively. Overall, the subtyping relation is defined as the greatest fixpoint
over the least fixpoint.

We also introduce the typing context inclusion I" < A, which is inductively defined by the rules
listed in Fig. 26. We can weaken the type of a variable by subtyping. A variable of the unrestricted
multiplicity w can be forgotten and also turned into the multiplicity 1.

28 The order of items in a typing context I is ignored. For each variable x, a typing context I" can contain at most one item
of the form x::,; T. We write @ for the empty typing context. The domain dom I" is defined as {x | x::, T € I'}.

29 In [] 7, the sequence T should be non-empty, and its order is ignored. The substitution ([]7)[p/u] is defined by the
multiplicity product.
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T® £ @ a(x:y T,T) = x:upy T, nl g+A 2 A

x ¢ domA
(x:; T, 1)+ A = x:; T, (IT'+A)

(x5 T, T) + (x::, T, A) 2 x:, T, (I' + A)

Fig. 27. Operations on typing contexts.

data () where ():: () data Bool where True:: Bool, False:: Bool
data Ur X where Ur: X —» Ur X data (X,Y) where (,):: X =Y — (X,Y)

Fig. 28. Default data type declarations.

AT Trt=T 'rtzT T<SU xisfreshinl' T'+t:T
Avrt:T 'rt:U I'rt:Vx.T
Vi. [ vt T; m,Al—u::U Vi. m,Fl—ti::Ti m,Al—u::U
Siali+Avrletx=tinuzU wl+Avrletx=tinuzU
x:ip; T, T+ t:U I'ritaT—,U Avru:T x € domTI’ 'et:T
Tk Ax->taT—, U F'+zAvrtuzU I'rseqxt:T

x:uz T F xaT

Vi. I v t; = T;,;[U/X] data FX where C:T —, FX

F n:int — =
Zinj,il} F Cjt:: FU
T'vrt:FU T'vt:BY(FU)
Vj. xig, Ti[UX], A v ouj U Vj. Xig; BE(T[U/X]), A v ouj U
data FX where C:T —, FX data FX where C:T —, FX
— — TY-CASE-BOR
IF'+Atrcasetof {Cx-u}:U’ '+Atrcasetof {Cx-u}:U’
sT;U VYiLvrt:T, — —
a ! LR iop:: Int; Int irel :: Int; Bool par:: T, U; (T,U)
YiLitatzU
T is Linearly or Mut” U T is Int, End” or Share” U . .
linearly :: Linearly — UrT; UrT
consume: T; () move: T; Ur T
T is Linearly, Ref U, Now” or Mut“ U
— - newRef:: T; Ref T freeRef:: Ref T; T
withLinearly :: T; (Linearly, T)
newLifetime :: (V. Now? ‘ —o T); T endLifetime :: Now?'*; End?'*
borrow :: Linearly, T; (Mut” T, Lend” T) share :: Mut® T; Ur (Share” T)
T is Int, End” or Share/ U ; _
15 'k, FNE_of >nare joinMut :: B* (Mut” T); B*"\/ T reclaim:: Lend”, TEnd“; T

copy :: Share*T; T
execBO:: Now”, BO“ T; (Now“, T) pure:: T; BO“ T (>=): BO“T, T— BO“U; BO“U
sexecBO :: Now”, BO“/ U; BO” (Now?, U) parBO:: BO* T, BO“ U; BO“ (T, U)

f<a

deref:: B* (Ref T); BO” (B“T)
updateRef:: T —o BO/ (U, T), Mut® (Ref T); BO/ (U, Mut® (Ref T))

Fig. 29. Typing rules.

Operations on typing contexts. Following Bernardy et al. [2018], we introduce the multiplication
#I" and the sum I' + A over typing contexts, defined in Fig. 27. Intuitively, I" + A allows sharing
unrestricted variables between I" and A.
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Typing rules. The typing rules are listed in Fig. 29. For this, we assume the default data type
declarations listed in Fig. 28. The typing judgment has the form I"  t:: T. For operators op and
monad constructors mo, we introduce an auxiliary judgment a:: T; U (where a is either op or mo
and the length of T is the arity of ), meaning that a linearly inputs arguments of the type T and
outputs an object of the type U.

We have two typing rules for typing the case term. The latter TY-CASE-BOR is for the case where
the pattern-matched term is a borrower B* (F U). We distribute the borrower constructor B to
the components x of the data. This is an idealized version of the API functions such as splitPair
(Fig. 12, §3.2) in our Haskell implementation.

A.2 Two Operational Semantics

We present the omitted details of our two operational semantics introduced in §5.3.

Basics. In denotational operational semantics, we use a borrower constructor B, where a mutable
borrower Mut? is marked with borrow paths p, representing which part of which lenders the
borrower refers to. Here, we can have multiple borrow paths due to the reborrowing caused by
joinMut, as clarified by the reduction rule DRED-JOIN-BOR shown later in Fig. 36b. We use a borrower
context B for a composite of borrower constructors. We write B a instead of B[ ] for readability.

In both semantics, an environment E, E assigns a term £, i to each variable x. A denotational
environment E additionally manages the borrow ids & that have been created.’* The memory )
appears only in mutative semantics.’! A configuration has the form E; M; x in mutative semantics
and E; x in denotational semantics, where x is the top-level variable.?? We say that E; M;x is a
normal form if E has an item of the form x = 5. Likewise, we say that E; x is a normal form if E has
an item of the form x = 0.

Strictness works as follows in this language. For simplicity, all the arguments of operators are
made strict. In particular, par t u forces the evaluation of t and u before returning the pair of their
results. Also, we introduce a special term seq x t that forces the evaluation of the variable x before
returning t; it amounts to do® !x < x; t in Haskell, and we introduce seq as a primitive for the
bang ! pattern. The usual function application is lazy. Pattern matching of case is strict.

Figure 30 shows additional syntax for the two operational semantics, omitted in Fig. 21.

The denesting context N is used for turning a nested term into an unnested one, by binding
subterms to fresh variables (see MRED-DENEST and DRED-DENEST later shown in Fig. 33).>* Denesting
is a dynamic version of conversion to the A-normal (or K-normal) form.

We introduce extra values d, d and extra operators op, op for the two semantics. For monadic
extra operators such as execBO®, the superscript o indicates post-processing, + pre-processing, and
« pre-processing before post-processing. The value 0/0;; represents the value of linearity witness
tokens Linearly and lifetime tokens Now“, End“; in denotational semantics, the lifetime tokens
carry the history H.

Composing histories. We define the parallel /7 - H" and sequential // / H’ compositions of histories,
as defined in Fig. 31. The parallel composition H - H' treats both histories equally (and thus is

30 The order of items in an environment E, Eis ignored. An environment E, E can have at most one item of the form x = a
for each variable x. Also, a denotational environment E can have at most one occurrence of each borrow id &.

31 The order of items in a memory M is ignored. A memory M can have at most one item of the form ¢+ x for each location
L.

32 We assume alpha-equivalence over mutative configurations E; M; x with respect to variable names x bound in the
environment E, and assume alpha-equivalence over denotational configurations E; x with respect to variable names x
and borrow id names 6 bound in the environment E.

33 We impose left-to-right order in denesting to avoid unnecessary nondeterminism.
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Denesting context N = []¢ | x[] | seqx[] | Cx[]¢
| case [Jof {Cx—>t} | opx[]f | mox ][]t

(a) Common things.

Extra operator dp := linear 1 | exeBO 1 Borrower context B = [] | BB

execBO® 1 | (3=°) 2 | sexecBO" 2 Extra operator op = linear 1 | exeBOy 1
sexecBO® 1 | parBO° 2 | deref® 1 execBO” 1 | (»=°) 2 | sexecBO}; 2

updateRef* 2 | updateRef, 1 sexecBOH;f, 1 | parBOj, 2 | deref}; 1
updateRef}; 2 | updateRef} 1
updateRef; 1

updateRef7 ;; 1

(b) For mutative semantics. (c) For denotational semantics.

Fig. 30. More syntax for the two operational semantics.

(pexH) [ (pey H) 2 pey (H/H)
domH NdomH =@
H-H = HH p ¢ dom

©/H = H
Gex M| H & pex (/) :
Fig. 31. Parallel H - H' and sequential H / H composition of histories.
x=K[y] € E E; M;y loop x=K[y] € E E;y loop

E; M; x loop E; x loop

Fig. 32. The coinductive rule of the forcing loop predicate G loop, G loop for each semantics.

commutative), while the sequential composition H / H’ overwrites older records H with newer
ones H'. The domain dom H is defined as {p | p < x € H}.

Reduction rules. Now we inductively define the small-step reduction relations G — G’ and
G — G’ for mutative and denotational operational semantics, respectively.

The basic reduction rules for the two semantics are listed in Fig. 33.’* The rules MRED-LOOP and
DRED-LOOP use the forcing loop predicate G loop, G loop, meaning that the environment contains
variables that circularly forcing one another, coinductively defined by the rules in Fig. 32. The two
semantics are mostly the same in these rules, but there are some notable differences due to borrower
constructors B, appearing only in denotational semantics. The rule DRED-VAR for a variable term
carries the borrower context B. Also, the rule DRED-CASE-BOR distributes the borrower constructor
B over the data components (recall the typing rule TY-cASE-BOR in Fig. 29).

The reduction rules for basic operators for denotational semantics are listed in Fig. 34. The rules
for mutative semantics are just analogous to them. The operator linearly allows binding the result
of a linear computation to an unrestricted variable. We use an extra operator linear to clarify that
boundary for our association system Appendix B.

The basic reference-related reduction rules for the two semantics are presented in Fig. 35. In
mutative semantics, a reference is modeled as Ref ¢ with a location ¢, whose content x is separately
stored as ¢ — x in the global memory ); in denotational semantics, a reference is modeled as Ref x,
where the body content x is locally stored in the value. The ownership justifies this.

34 The function asBool maps the truth and falsehood to True and False, respectively.
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x=K[y] € E E;M;y — E'; My G loop
= - MRED-KTX = — MRED-LOOP
E;M;x — E';M’";x G—-G
x=lety=tinu,E;A’I;x—> t ¢ Var
. ~ ~ MRED-DENEST
y =t x=u, E; M; x x=N[t],E; M;x — y=t,x=N[yl,E M;x
=0 € E =Ay-ot ek
= 4 - MRED-VAR f 4 -
x=y,E;M;x — x=0,E; M; x x=fy,E;M;x — x=tE; M;x
y=0 € E y=Ciz € E
x=seqyz E:M;x — x=zFE M;x x=case yof {Cz-t}, EsM;x — zi=2,x=t, E; M; x

(a) For mutative operational semantics.

x=Kl[y] € E Eiy — Ey G loop
- - DRED-KTX : —~ DRED-LOOP
E;x — E’;x G—-G
x=lety=tinu,E;x — t ¢ Var
: - —— DRED-DENEST
y=t,x=u Ex x=N[t],E;x — y=t,x=N[y],E; x
=9 € E =Ay>t € E
< .y 0 ———— DRED-VAR f : Y .
x=By,E;x = x=B3d,E;x x=fy,E;x —» x=tEx
y=0 € E y=Ciz € E
x=seqyzEx — x=zE x x=caseyof {Cz>t},E;x — z;=2,x=t,Ex

Mut?/ B = Mut?

A = . s N
y=B(CiZ') € E v Bj - {Share B = Share

DRED-CASE-BOR
x=caseyof {Cz-t}E;x — z;=B'z/,x=1;,E; x

(b) For denotational operational semantics.

Fig. 33. Basic reduction rules.

The borrow-related reduction rules for the two semantics are listed in Fig. 36. Here we clearly see
the differences between the two semantics. In denotational semantics, for each new borrow, a fresh
borrow id § is created, and the lender is modeled as Lend? x, where the x represents the original
version of the borrowed object. Notably, when the lender reclaims the ownership of the borrowed
object by DRED-RECLAIM, the latest version of the object is restored from the history. For this, we
introduce the restoration-by-history predicate restores; p E *~¥ E’, inductively defined by the
rules listed in Fig. 36c. The predicate adds new items to the environment E to get E’, reflecting
updates recorded in the history H on the borrow path p for the variable x, returning a new variable
x'. The predicate does nothing and just returns E and x if the history does not contain any relevant
update, while the predicate takes a fresh variable x” for the new version of x otherwise.

Basic monadic reduction rules for denotational semantics are listed in Fig. 37. The rules for
mutative semantics are just analogous to them, just without the history information H. We internally
use the extra operator exeBO/exeBOyy, a utility variant of execBO, to execute a monad without
carrying around the live lifetime token. It returns Done x/Donep x for the result of the computation.
What is important is how to handle histories. The scoped execution sexecBO executes the monad bo
with the empty history, whose resulting history H is then sequentially composed with the original
histories H, H'. The parallel execution parBO executes the monads boy, bo; respectively with the
empty history and then composes the resulting histories Hy, H in parallel, whose composite is
sequentially composed with the original history H.

Reference-related monadic reduction rules for the two semantics are listed in Fig. 38. Like in
Fig. 35, mutative operational semantics accesses the memory A while denotational operational
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y=ne€E m=ioph y=n € E b =asBool(irel ii) y=0,z=w € E
x:iopy,E; M; x — x:irel)'/,ﬁ; M; x — x:paryz,E; M; x —
x=m, E; M; x x=b,E; M; x x=(y,z), E; M; x
y=bt € E y=b6 € E
X = consume y,E; M;x — X=(),E; M; x X = move y,E; M; x — X=Ury,E; M; x
f=t¢€kE y=0 € E

x = linearly f, E; M;x — li=0,y=flix=lineary, E; M; x x = linear y, E; M;x — x=0, E; M; x
y=0 € E

x = withLinearly y, EM;x — li=0,x= (i, y), E M; x

(a) For mutative operational semantics.

y=necE m=ioph y=n € E b =asBool(irel i) y=d,z=w € E
X:iopy,E;x—>x:m,E;x x:irely,E;x—>X:b,E;x x:paryz,E;x—> x:(y,z),E;x
y=0 € E y=0 € E
x=consume y, E; x — x=(),E x x=movey,E;x — x=Ury,E; x
f=0 €k y=0¢€E y=0 €k

X:linearlyf,E;x — x:lineary,E;x — x = withLinearly y,E;x —
liz@,y:fli,x:lineary,E;x x =0, E; x li:(b,x:([i,y),E;x

(b) For denotational operational semantics.

Fig. 34. Reduction rules for basic operators.

li=0,y=0 € E li=0, y=0 € E
x =newRef li y, E; M;x — x=Ref?, E; {—=y, M;x x =newRef liy, E;x — x=Ref v, E; x
y=Refr € E y=Refz € E
x = freeRef y, E; {—z,M;x — x=z E; M; x x = freeRef y, E;x » x=zE; x
(a) For mutative semantics. (b) For denotational semantics.

Fig. 35. Basic reference-related reduction rules.

semantics locally operates on the body of Ref. Crucially, in denotational semantics, the reference
update updateRef records the update p « y to the history H for each borrow path p of the mutable
borrower. Also, the dereference deref distributes the borrower constructor, modifying the borrow
path, just like in DRED-CASE-BOR.

B Association System

We present the omitted details of our association system introduced in §5.4.

B.1 Overview

Syntax. The syntax for the association system is shown in Fig. 39.

A lifetime path p = v.i represents a part of an atomic lifetime al .. We introduce extended types
T, which include Done” T to represent the result of exeBO/exeBOy; and the skeleton type Skel T

to represent a borrower whose lender has already reclaimed. The resource context I" extends the
typing context I" with more information about the dynamic ownership.*> A variable-type binding

35 The order of items in a resource context I' is ignored.
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li=0,f=0 € E now=0 € E
x = newlLifetime li f, E; M; x - x = endLifetime now, E; M; x -
now =0, x = f now, E; M; x x = Ur now, E; M; x
li=0,y=06 € E y=0 € E
x = borrow li y, E; M; x — R x =share y, E; M;x — x=Ury, E; M; x
Vin =0, ¥ =0, x = (Y, ), Es M; x
y=0€E y=b0 € E end=0,y=6 € E
x = copy y, E; M; x - x = joinMut y, E; M; X - x =reclaim y end, E; M; x -
x=0,E; M; x x=0,E; M; x x =y, E; M; x
(a) For mutative operational semantics.
li=0,f=0¢€E now =0y € E
x = newLifetime li f, E;x — ] x = endLifetime now, E; x — x = Ur now, E; x
now = 0y, x = f now, E; x
li=0,y=0 € E y=Mut’o € E
x = borrow li y, E;x — Yim = Mut®s, x =share y, E;x — y’ =Shared,x =Ury, E; x

y = Lend?y, x = (v y), 6 s x

Mut?? B = Mut?

= : q. 5 ./ = .
y=B(Mutlo) € £ B {Share B = Share

y =Shared € E

- - — - - - DRED-JOIN-BOR
x=copyy,Esx — x=0,E x x =joinMut y,E; x — x=B'0,E; x

end =0y, y= Lend®z € E restoreyy 8 E 27 g

- - - DRED-RECLAIM
x =reclaimyend,E; x — x=2z,E';x

(b) For denotational operational semantics.

Vi. p7 ¢ dom H pey € H x=Refz e E  restorey .0 E v~y E
restorey p E x~ox E restorey p E x~X x’ = Ref v, E
~ p¢domH  pjedomH pédomH pjedomH x=B(Cy") €E
x =B(Refy) € E  restorey p.0 E vV B Ey=E  Vi. restorey p.i E; YirlYi B
restorey p E xoux x = E(Ref V), E restorer; p E x~oX x = B(C );/)’ En

(c) The restoration-by-history predicate restorey; p E *~Y E’.

Fig. 36. Borrow-related reduction rules.

x:h T in a resource context is marked with the set of borrow paths P that the variable may be
able to update (we omit the superscript P if it is empty). This information is vital to justify parBO,
ensuring that the borrow paths updated by the two monad arguments are mutually disjoint. A
resource context also contains borrow ids &, variable-term bindings x = fot, x=0,and points-to
tokens ¢ + x from the environments and memory. Importantly, bindings x = ¢ « ¢, x = 9 over
values are shareable. A captured points-to token ¢ - x represents a usual points-to token captured
inside linear (please see ASSOC-LINEAR shown later).

Interestingly, a resource context can even contain polymorphic resource contexts Vx. I to reason
about first-class polymorphism of Haskell. For example, we can create a polymorphic reference
VX.Ref [X] to a list of any type from the nil list []:: VX.[X], and then borrow it to create a
polymorphic pair Va, X. (Mut® (Ref [X]), Lend® (Ref [X])) of a borrower and a lender. Because
the variables a, X are instantiated dynamically, we have to keep the polymorphism over a, X in
creating the ghost state for the borrow.
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now:(Z),bo:ﬁEE reszDoneyEE
x = execBO now bo, E; M; x — x = execBO° res, E; M; x —
res = exeBO bo, x = execBO® res, E; M; x now =0, x = (now, y), E; M; x
bo=purey € E bo=bo >=ko € E
x = exeBO bo, E; M;x — x = exeBO bo, E; M;x —
x = Done y, E; M; x res = exeBO bo’, x = res >=° ko, E; M; x
res = Done y € E bo = sexecBO now bo' € E
x = res >=° ko: E: M; x — x = exeBO bo, E; M: x —
bo = ko y, x = exeBO bo, E; M; x x = sexecBO" now bo’, E; M; x
now=0,bo' =6 € E res=Doney € E
x = sexecBO™ now bo’, E; M;x — x = sexecBO° res, E; M;x —
res = exeBO bo’, x = sexecBO® res, E; M; x x = Done res, E; M; x
bo = parBO boy bo; € E resy = Done y, res; = Done z € E
x = exeBO bo, E; M; x — resy = exeBO boy, x = parBO° resy resy; E; M;x —
res; = exeBO boy, x = parBO° resy resy, E; M; x pr = (y,z), x = Done pr, E; M; x

(a) For mutative operational semantics.

now =0y, bo=0 € E res = Donep y € E
x = execBO now bo, E; x — x = execBO® res, E; x —
res = exeBOy bo, x = execBO® res, E; x now =0y, x = (now, y), E; x
bo=purey € E bo=bo >=ko € E
x = exeBOy bo, E; x — x = Doney Vs E; x x = exeBOy bo, E; x —

res = exeBOy bo', x = res >=° ko, E; x

res =Doneyy € E bo = sexecBO now bo’ € E
x =res>=" ko, E; x — x = exeBOy bo, E; x —
bo = ko y, x = exeBOy bo, E; x x = sexecBO}, now bo', E; x
now =0y, bo' =0 € E res = Doney, y € E

x = sexecBO7, now bo', E; x —

p— o .. —
o', . ) X = sexecBOH;H, res, E; x — now = @H'/HO,
res = exeBOy, bo’, x' = sexecBO,,., res, E; x

pr = (now, y), x = Done g, pr, E; x

bo = parBO boy bo; € E resy = Donep, y, res; = Donep, z € E
x =exeBOy bo, E; x — resy = exeBOy, boy, x = parBOj, resy resy; E;x —
res; = exeBOg boy, x = parBO}; resy res, E; x pr = (y,z), x = Doneg ) (11,.11y) prs E; x

(b) For denotational operational semantics.

Fig. 37. Basic monadic reduction rules.

A resource context can contain ghost resources gho to represent various auxiliary information.

The meanings of ghost resources are as follows. A linearity witness LINEAR is used for Linearly. A

live lifetime token Nowﬁf 1’} owns the part i of the lifetime al (, asserting that it is alive with the

partial history H, has n children tokens, and has the right to perform updates of borrow paths
in P. A dead lifetime token END}; asserts that the lifetime al : has ended with the history H. A

borrow lifetime token LIFETIMES asserts that the lifetime of the borrow of the id §is . A borrow

path token BORROWf .5 asserts that the borrow of the borrow path sequence p owns an object of
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bo = deref ref € E ref =Ref ¢ € E t—yeM
x = exeBO bo, E; M; x — . x = deref” ref, E; M; x — R
x = deref’ ref, E; M; x y' =y,x=Doney’, E; M; x
bo = updateRef ko ref € E ko =1, ref =Ref ¢ € E l—yeM
x = exeBO bo, E; M;x — x = updateRef" ko ref, E; M;x — bo=koy,
X = updateRefJr ko ref, E; M; x res = execBO bo, x = updateRef; res, E; M; x
res=Donepr € E pr=(zy) € E
x = updateRefj res, E; Myx — x = updateRef] pr, E; M;x — ref = Bef t,
x = updateRef] pr, E; M; x pr’ = (z,ref), x = Done pr'’, E; M{t «y}; x

(a) For mutative operational semantics.

Mut?0 B = Mut?

rgf = B(Ref y) € E B = {Shal‘e B = Share

bo = deref ref € E

x =exeBOy bo, E; x — x= deref;I ref, E; x X = deref;{ ref, E;x — y' = B y, x = Doney y’, E; x
bo = updateRef ko ref € E ko = o, ref = Mut” (Ref y) € E
x = exeBOy bo, E; x — X = updateRef;’, ko ref, E;x — bo=ko v,
x = updateRef}; ko ref, E; x res = exeBOy bo, x = updateRef;-, res, E; x
res = Doney pr € E pr=(zy) € E
x = updateRefj res, Ex — X = updateRef;;H pr, E; x — ref = Mut? (Ref y),
X = updateRef;;H pr, E; x pr’ = (z ref), x = Doney; 5= pr', E; x

(b) For denotational operational semantics.

Fig. 38. Reference-related monadic reduction rules.

Lifetime path p = 1 | p.i Extended type T == T | Done”T | Skel T
. pin i 5 p

Ghost resource  gho = LINEAR | NOW ;. | ENDy; | LIFETIME, | BORROW, ..

p p 8 p 5

| mut” | sHARE” | LEND. | DEPO” | GDEPO,.1.py

| HOLE? | RELENDIZ | r i x | 05 x| SKEL} | VAR}
Atomic resource atom = x::f[i“ | 6| x=tot | x=0 | tr>x| x| Vx. I | gho
Resource context F A t= atom

Fig. 39. Syntax for the association system.

a variable x typed T. When § is non-empty, it means that the object is also reborrowed under g.
When G is empty, we omit the last part ; g’ of the subscript. We have tokens for a mutable borrower
muT?, a shared borrower sHARE”, and a lender LEND?},X. We also have tokens for a (local) deposit

pEPO? and a global deposit GDEPOf,T_ ,; for the borrowed contents. The hole token HOLE? is used

inside a global deposit to indicate a hole caused by a deposit DEPO”. The relender token RELENDZ

asserts that the relender of / is under the updates of /. We also have a shared-borrowed points-to

token ¢ £ x and the evidence of the ownership ¢ > x. Also, we have a shareable token SKELY. for
the skeleton type Skel T and a variable token var}. providing skeletons with the witness that the
variable x is typed T.
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y:ﬁocu,y’:ﬁocz),y’:z),z:w,Td,A/’f Fiocta T

CONFIG-ASSOC

y’zﬁ,E;/\/l;x o« x=Ly=uy =0,z=w, § E; x

fy=
A<T F focinT IFriccinT
5 ASSOC-< — Assoc-Y
Atr =T Vx.I') F tecizVx. T

o

\7’1'.1&1- real Vi. x:g U,Fl+A b ocu; i Ug Xl l},Ao’ FiocinT
x=dou+ Y, +0A+A rfocinT

ASSOC-VAR-W

Fvalid I’ real T+I"ridocca:U  x:BoPahsI g Ay focfe T

5 — ASSOC-VAR
x=tou+I"+nal+ArtocizT
fghost,gvalid Ii,t’néx,Aﬂl—xocx:: UrT .
S ASSOC-LINEAR LINEAR + @ o Q :: Linearly
{+> x, A + linear x o linear x :: Ur T
. ..P .. 10 .. alt a < alt
{1+ x, x::y T F Ref ¢ o« Ref x :: Ref T NOW g0 ooy F 0 < 0p :: Now ENDL, T 0« 0, = End"
Vi. P’ C P;
NOWQI;,OP, bo::f/ BONA Al T | Nowﬁi,, x::}:/T + Done x o« Doney x :: Done” T
" exeBO bo « exeBOy; bo : Done” T
f<Nai T<U UST a<alt T rifocisSkelT
MUT?, LIFETIME"PJ BORROWiT b x oc Mut? x :: Mut/ U END}, + I b £ oc Mut? {:: Mut® T
< Nji T<U a<alt I'bfocisSkel T
SHARE?, LIFETIMEW BORROWiT F x oc Share x = Share/ U END + I' + t o Share £ :: Share® T
asf T=<U
LENDf,T, 8 LIFETIMES, x =0 <9 F § o Lenddx :: Lend/ U
Frxocx:T Avrtoi:U I:I-ZXZZT Artoi:U
DEPO?, BORRong+ F+AvriccinU GDEPO . .., F+Avr ixcinU
) fecinT T 6o rr f;f‘
x=tot+T 1;’1 T HOLEi’,BORROWﬁAT,_,leA)OCW,f'I-p5KﬁI:T I'r f’ ocinT
x;15q H @
Iil—ﬁ'0 yuT Vi.p; ¢domH H=#0 I:r—i;'ox::T
fi—'»y,fr&y,lﬂ“ t? _ Reff o Refx: RefT f%x,fr&x,f; +? Reff o Refx =: Ref T
ey H H

Fig. 40. Selected association rules.

Assocaition rules. Selected rules for the association judgment are shown in Fig. 40.3¢ Appendix B.2
presents the omitted rules and formal definitions.

The association relation over mutative and denotational configurations is G ccp G. Its only rule
is CONFIG-Assoc, which puts into the resource context the variable-term bindings, the borrow ids
of the environments, and the points-to tokens of the memory, discarding some old variables.

The association judgment has the form I' v f o i T. The association judgment is closed under
resource context inclusion (assoc-<), defined naturally similarly to the typing context inclusion

36 We define | p] by | .i] £ tand [p] by | 6.i] £ &
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Fig. 26. For polymorphic types, we use polymorphic resource contexts (assoc-V). For variable
introduction, we use the condition I" real, meaning that every item in I is of the form x = f o f or
= x.

Unlike the unrestricted case (ASsoc-VAR-w), introduction of a possibly linear variable (ASsOC-VAR)
is tricky, because the set of access1b1e borrow paths should be determined from the resource context
I, where we define BorPaths I as the set of the subpaths of the borrow path of each mutable
borrower owned by T. For this purpose, we introduce the validity s1de condition I valid. For
example, it ensures that T is free of a linear variable- -type binding x::} T and of overlapping live
lifetime tokens. Also, to handle nested borrowing properly (which is much trickier than it might
look), the validity ensures that I" owns all the mutably borrowed objects accessible by T.

The key is the rule Assoc-LINEAR for linear, an intermediate state of linearly. Here, we can
capture some fragment M of the memory and an arbitrary ghost resource context I"¥" under the
global validity side condition r gvalid, stronger than the usual validity valid. For example, the
global validity ensures that I" contains a borrowed object for each lender in I'. The association rule
for linear itself (shown next) is straightforward.

A linearity token Linearly captures LINEAR, a reference Ref T captures a points-to token £ — x
and a body, and live and dead lifetime tokens Now”, End” capture Now and END of the observed
history H. The type Done” T also captures Now of the lifetime paths 5. A mutable borrower is
usually obtained from the token muT? accompanied with some shared information. A shared
borrower is similarly obtained using SHARE?. Also, borrowers whose lifetime has ended can be
obtained through a skeleton Skel T. A lender is obtained simply from the token LENDf;T.

The content of a deposit DEPO?, GDEPO)‘?,T_ 1, is owned by some variable. The tricky point is
which variable should own each deposit. We ’carefully design the validity condition (Assoc-VAR)
so that the borrower or the lender with a sufficient lifetime token should own the deposit, so that
nested borrowers work properly in the presence of parBO. For deposits, we introduce an auxiliary
Judgment r I— focinT, asserting that the object # o« ¢ deposited at 5 becomes an object of type

T after the updates of H. Its rules are defined using an auxiliary judgment r |—‘Z { ~ 4, meaning
that a term £ at p turns into u after the updates of H.

B.2 Details

Here we present more details of the association system.

Basics. The subtyping over extended types T < T’ extends the usual subtyping T < T by the
following rules:
T<U T<sU
Done* T < Done* U Skel T < Skel U
We say an atomic resource atom is shareable and write atom shareable if atom is of the form

5 p
1> LIFETIME ,, BORROW, 7. -,

5 P
SHARE”, { B> X, or SKELY.

The resource context inclusion I" < A is inductively defined by the following rules:

T X =0 x 0, X =0, 6, END!

<l rsr r=<r p<m T<U
12‘41:‘” x::ﬁT,f% x::,’;U,I:
atom shareable v F) i< F[ /x] A a is fresh in A and A’ A< FA
—_— x.1), S ajxy, N )
atom, [’ < T’ A< (YVx.T), A

37 The condition I’ ghost means that I" consists only of ghost resources gho after unfolding polymorphism.
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The multiplication 7" over a resource context is defined as follows:
=7 w(x:y, T, F) 2 xiugy, T, xl
atom shareable .
5 - o = @
m(atom, I') = atom, xI"
o+A £ A

r((Vx.T), A) = (Vx.xD), nA
— atom shareable
atom, (F + A)

The addition I" + A of resource contexts is defined as follows:
(atom, r ) + A2

atom shareable

(atom, F) + (atom,Ao) < atom, (F + A)
The predicate r ghost is inductively defined by the following rules:
I A ghost

% ghost s
(Vx.T'), A ghost
On histories. The set of borrow paths BorPaths I for a resource context I is inductively defined

p € BorPaths (T, A)

by the following rules:
Mur’ T € T
p € BorPaths ((Vx.f), A)

p;-j € BorPaths r
The predicate Now” I~ H, extracting the history H for the lifetime path p from the resource
Lplin
H’;P

atom is not of the form Now

context I" is inductively defined by the following rules:
Now” I"~» H
Now” (atom, F) ~ H

Vi < n. Now” T} ~» H;

2in FY~o H/ TTiH
Importantly, the predicate is right-unique (i.e., unique in the history H). We also use the shorthand

Now” (NOWH;P,
The restriction H|, of a history H with respect to a borrow path p is defined as follows:
is not of the form p.i
! . 2, = @

Now” I' for 3H. Now” T".
(piex H)lp £ piex (Hlp) .
: . (q“X,H)|p = Hlp
Validity. The validity I" valid of a resource context is defined as the negation of the invalidity
I" invalid, inductively defined by the following rules:
x is fresh in A F A invalid S
— x::q T, I invalid
(Vx.T'), A invalid
domH ¢ P P ¢pP i#i’ PNP #0@
Now’;;;,, I invalid Nowg:;, Now/;,‘,i;;[':, I invalid Nowfl';il',j;", NO /I;,llpj,,m I invalid
NOW/; ), ENDIL;iJ, I invalid END};, END},, I invalid
BORROW{:,T, BORROWI;,U, I invalid
LEND, .1, LEND;ZU, I invalid

LireTIMES, I invalid
"ore”, HorE?, I invalid

5
LIFETIME,, 5
mut?, sHARE?, I invalid
o < alt
8 END;_[,, I invalid

S5 . .
GDEPO,. 17, GDEPO 1)1/ » I invalid
H# H'|s
LIFETIME,

mut?, mut?, I invalid
pEPO?, DEPOP, I invalid
a<alt Nowll ~» H’ H # H'|s

GDEPOy 1.1/, LIFETIMES, I invalid GDEPOf;T;H,
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a<alt Nowl~» H' Hlp, # H'|p, a<ale  H|y, # HYp,

p

s LIFETIME!‘XPiJ, I' invalid RELEND’ LIFETIME(L,p'J, I invalid

RELEND' i D,

Ajallp;] < Ajai  pERO? ¢ T

Mut?, BorrOW’ ., LIFETIMEY, Now”™ | T invalid

xT° Wh,p>
a < alt VH. GDEPO‘s.T;H ¢ I a<alt Now?® I’ VH. GDEPOf;T;H ¢
LENDf;T, LIFETIMES, ENDH, , I invalid LEND)‘ZT, LIFETIMES I invalid
a<ale |pl=6 DEPOq’p ¢r aw<alt Now’T |p]=6 DEPOq’p ¢r
LENDf;T, LIFETIME?, ENDH,, BORROW F invalid LENDf;T, LIFETIME? BORROW F invalid

The global validity r gvalid of aresource context is defined as the negation of the global invalidity
I' ginvalid, inductively defined by the following rules:
xisfreshinA I,A ginvalid I invalid NOW[;;/TP el = Nowh!r

(Vx.I:),AD ginvalid r ginvalid r ginvalid

DEPOp ¢I°“ HOLE? ¢I°“ (0[—3)X¢I:

BORROW ,T" ginvalid pepo?, I ginvalid PN x, I" ginvalid

5 = 5 : Lpil >
VH. GDEPO 1., & I’ LEND] . & I’ Vx,T. LEND .1~ ¢ r VARY. ¢ I

LENDiT, I' ginvalid GDEPO’ r ginvalid DEPOP, I ginvalid SKELY, T ginvalid

x;T:H>

Association rules. The omitted rules for the association judgment I' v o i T are as follows.

Here, we introduce an auxiliary judgment a oc:: T; U for operators and monad constructors a. Also,
we write I"1 A for I, A with the following side condition: for every item of the form x::, TinT, x
is fresh in A.

xipzTFxox:T

Vi.lg‘il-tiocti::Ti y::1Ti|A°|-uocu::U Vi. y::wﬂ,fl-tioctizzl} y::mTilel-uocu::U

ZiI:i+Aﬂl—Iety:tinumlety:tinu::U wf+A°l—lety:tinuOCIety:tinu::U
X::,[T,IE'I-tOCt::U I:l—toct::T—>,,U AvruoccusT x €doml" I'rtotaT

F'FAxotxAxotaT o, U F+rAvtuctusU I'Fseqxtoseqxt:T

Vi [kt oty T;:[U/X] data FX where C:T —, FX

F on:int s - - -
2imiili F Cijtoc Cjt: FU

><|

IrtotsFU Vj. xug T {U/X] Ak uj: U’ data F X where C:T —, F

I'+A Fcasetof {Cx—>u} < casetof {Cx—>u}:U’

FrtoctzB (FU)  Vj. xug BY(T[U/X)) 1A +u;= U data FX where C:T —, FX

I'+Ar caset of {Cx>u} o« casetof {Cxou}=U

ac:T;U Vi F, kot T;
Z,—fi FatocatzU

T is Linearly, Now” or Mut® U T is Int, End“ or Share“ U
consume o :: T; () move «c:: T; Ur T

iop oc:: Int; Int irel oc:: Int; Bool parcc:: T, U; (T,U)

linearly oc:: Linearly — Ur T; Ur T
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T is Linearly, Ref U, Now” or Mut® U

Ref oc:: T; Ref T freeRef oc:: Ref T; T
withLinearly oc:: T; (Linearly, T) newrer ¢ reenel e e
< al
newLifetime oc:: (Vi Now® ‘= T); T — r=a
endLifetime oc:: Now? & End®
«<p T<U T<U
borrow oc:: Linearly, T; (Mut® T, Lend” U) share oc:: Mut® T; Ur (Share” U)
Tis Int, End” or Share U T =< T’ T is Int, End” or Share/ U
copy oc:: Mut*T; T’ copy oc:: Share?T; T
a<anp o <anp T<SU
joinMut oc:: Mut” (Mut? T); Mut®' T joinMut o :: Share® (Mut” T); Share®’ U
reclaim:: Lend“ T, End“; T execBO o :: Now”, BO“ T; (Now", T)
pure c:: T; BO“ T (>=) «:: BO“T, T - BO“U; BO“U
sexecBO oc:: Now®, BO“ U; BO? (Now?, U) parBO «:: BO® T, BO“ U; BO“ (T, U)
f<a f<a
deref oc:: B* (Ref T); BO/ (B* T) updateRef oc:: T — BO” (U, T), Mut® (Ref T);
BO/ (U, Mut” (Ref T))
< al
execBO® o« :: Done” T; (NowaI Le], T) «=allp]
(3=°) «:: Done? T, T —o BO? L1 U; BO* U

Vi.P' C P;

= - — .
NOW?}AP, now::f” Now?, bo::f BOAallplra T 1 sexecBO* now bo o sexecBO}, now bo :: Done” T

T S ;
NOWL;P, NOW%/AP/, res::f Done” % T  sexecBO® res « sexecBOZ’H, res :: Done” T
Vi. P',P” C P;

Wﬁzp, res ::f/ Done”-0-#"0 T, res; ::}1)” Done’ 271U
parBO® resy res; o parBO, resy res; = Done” (T,U)
Aallpl < a
NOWZ;;OP, ref::f' B*(Ref T) + deref® ref o deref}, ref :: Done? (B T)
Aallp] <«

Nowﬁol,, ko::lr,/ T — BO? LA (U, T), ref::f/ Mut® (Ref T) +
updateRef" ko ref o updateRef}; ko ref : Done” (U, Mut” (Ref T))

Vi.(Aallpl < o) Vi (f <o) Vi. (T < RefT) Vi. (RefT < T7)

x =Ref { «c Ref y, l >y, MUT?, DEPO?, LIFETIME!‘IPJ, BORROW{:T, res::}: Done” (U, T) +

updateRef} res o updateRef;-, res :: Done” (U, Mut” (Ref T))

Vi.(Aallpl <)  Vio(f<o;)  Vio(T/ <RefT)  Vi.(RefT < T/)

x = Ref £ oc Ref y, £+ y, MUT?, DEPO?, LIFETIME(L,”J, BORROWiT, NOWZ;OP, res::)’ ([_J, T) r
updateRef; pr o updateRef;’-];H pr == Done” (U, Mut” (Ref T))
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f<Niei T<U UST < Nai T<SU
mut?, LIFETIMEJ}PJ, BORROWQT, x=00d F SHARE?, LIFETIME{LfJ, BORROWi,T, x=0o0o F
6 o« Mut?’ 9 :: Mut’ U 6 o« Shared = Share’ U

Vi. I; + x; o Share x; :: Share® (T;,:[U/X]) data F X where C:T —, FX
Zinj,if} F C;jx « Share C; x =: Share” (F U)

I' F x o Share x :: Share® T

14 I% x+T + Refl o Share (Ref x) :: Share” (Ref T)

x:E T, T rfocinU T<U T<U
VAR)\;X.T’ x: P T, I vfocinU SKEL} F x o x:: Skel U SKEL}, X =0 0c9 + & oc 0 :: Skel U
x:b Tk x o x:: Skel T x:b T,x=0xd r 6 oo Skel T
I'F focis Vx.Skel T Vi. I} b x; o x; =t Skel (T;,:[U/X]) data F X where C:T —, FX
I+ foinSkel (Vx.T) Simuli F Cjx o« Cjx:: Skel (FU)

TisU —, U’, Linearly, Ref U, Now”, Lend” U, or BO* U
b 0ot Skel T
I'vdoconSkel T I'rdoconSkel T
I' + 6 o Mut?d == Skel (Mut® T) I' + 6 o Share o = Skel (Share® T)

qg+9 lg‘l—?fx::T ArtoainU

DEPO?, BORROWgT,,+RELEND;'f +T+AF focinU
iTiq
— 5 . I:Fiz)«»w lil-[;?yf\»z
X=0 by t~ 1t - B 5 Ca— = =
x=0+y=w+T t, x~y F'_;T—y,H B (Ref x) ~ B(Ref z)
Vi.p, ¢domH H=#0o Ig‘l—’;?xw»y H+o Vi.I:l—gxiMyi
I+ B(Refx) ~ B(Refy) I+ B(Cx)~ B(Cy)
AT I:l—’;fOCf::YO" xis freshin I’ Iil—’;fOCf::T
A P Pocie T m P i
Avy, toctnT I H, tectaVxT

H+@ Vi F, I—’;Tl' xi o< x;: T;;[U/X]  data FX where C:T =, FX

Sili W Cix o« Cix= FU

f<ANiei TSU UST T o~w

MUTY, LIFETIME(L;IJ, BORROW' x=0ocw, I I—f, b o« Mut? g :: Mutf U

x;T;p?
o .. . 5
a<alt Fl—gtOCt::SkelT Fl—[;{ X~y
END}{,f Hr #oc Mut?f:: Mut® T r F, Ref ¢ oc Ref x = Skel (Ref T)

H#o Vi ¥ x Skel (T[U/X])  data FX where C:T —, FX

il ¥, Cjx o Cjx = Skel (FU)
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C Metatheory

We present the omitted details of our metatheory introduced in §5.5.

C.1 Strong Confluence of Denotational Operational Semantics

PrROOF OF THEOREM 5.1. We say that the target variable of a (derivation of a) reduction E; x —
F:xis y if, other than DRED-KTX, the reduction applies a rule whose conclusion is of the form
E; y — E; y.

Assume that the target variables of G — G; and G — G, are x and y, respectively. If x = y,
then G; = G; holds, which contradicts the assumption. So we have x # y. By straightforward case
analysis, we can derive the reductions G, = G, and G, — G, for some G, choosing y as the target
variable of the former reduction and x for the latter. A notable case is where one reduction executes
reclaim DRED-RECLAIM; the confluence holds in this case, because the structure of restoration by

history Fig. 36¢ does not get affected by the reduction of any variable. O

C.2 Basics of the Association System

Technically, the association judgment does not have a rule for weakening the resulting type. Instead,
it is carefully designed so that it is closed under subtyping:

LEmMMA C.1 (¢ IS CLOSED UNDER SUBTYPING). Iff‘ S U, thenT v focinuT impliesf“ Fiocin UL
Proor. By straightforward induction over the derivation of subtyping and association. O
For Theorem 5.2, we introduce the following lemma:

LEmMA C.2. Ifatermt satisfies I' + t:: T, then we have I' - t oc t:: T.

Proor. By straightforward induction over the typing derivation. O
ProOF oF THEOREM 5.2. Immediately from Lemma C.2. O
ProoF oF THEOREM 5.3. Straightforward by definition. O

C.3 Progress and Bisimulation

PROOF SKETCH FOR CONJECTURE 5.4. By careful case analysis. In particular, we maintain an invari-
ant on histories to ensure progress for lender reclamation DRED-RECLAIM in denotational operational
semantics. o

PrOOF SKETCH FOR CONJECTURE 5.5. By careful case analysis. There are a few tricky factors. First,
the variable that owns each local or global deposit for a borrow can drastically change, especially
when a lifetime ends by endLifetime; still, the variable always moves to either an ancestor or
new children (possibly splitting the deposit), which is crucial for maintaining the disjointness
invariant for parBO. Also, when copying a value by unrestrictedness or as a skeleton from a
variable polymorphically typed by assoc-V, we re-type the variable to make it free of Assoc-V,
polymorphically re-typing the variables that the variable depends on. O
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