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High Schooler Undergrad

Haskell

PL

λ-calculus  Monad

Category 
theory

Type theory

Rust

RustHorn
ESOP ’20 & TOPLAS ’21

Rust → Functional

Grad Now

RustHornBelt
PLDI ’22

Logic for RustHorn

Pure Borrow
PLDI ’26

Haskell Meets Rust!

Study PL!

Fast like C/C++,
Safe like Haskell?

https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg
https://en.wikipedia.org/wiki/File:Categories_for_the_Working_Mathematician.jpg
https://github.com/rust-lang/rust-artwork
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Pure Borrow

Matsushita & Ishii, PLDI ’26

Rust -Style Borrowing in 
Linear Haskell with Purity



Ad Denotational Semantic Typing

7

Matsushita, ongoing

Operational 
Semantics

Denotational 
Semantics

Semantic typing 
a.k.a. Logical relation

Observational behavior Imperative impl

Soundness

Purity of lazy thunks, ST monad, Linear Haskell, …

This work
Extensible proof!

Termination-sensitive +
Step-indexed



Ad Rust Workshop? @ Kyoto, March 727
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Rust Workshop

Semantics for Rust 
Verification for Rust 
Bug finding for Rust

https://2027.programming-conference.org/
https://trendsfp.github.io/2027/
https://jssst-ppl.org/workshop/2027/
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Software

10

Software embodies human ideals

on finite physical machines

Software
</>

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Two Major Paradigms of Programming
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Imperative
Low-level controlHigh-level abstraction

Functional

Well-behaved Well-tuned
Safe & Predictable Performative

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Unifying the Two Paradigms
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Imperative
Low-level controlHigh-level abstraction

Functional

Well-behaved Well-tuned
Safe & Predictable Performative

https://commons.wikimedia.org/wiki/File:Sicilian_Jasper_Cup_Met_DP886918.jpg
https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Functional, with Purity
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λ-calculus ’36

Haskell ’90 Purity
Same result 
regardless of timing

Well-behaved, esp. parallelism

https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg
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Purity = Referential Transparency
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Deterministic Order-insensitive
Commutes with 

other computations

✔ Predictable
✔ Equations

Parallelism, Lazy evaluation, …

Reasoning & Optimization
e.g.

<latexit sha1_base64="t5onT5ceoit4zsjuhKX4YuAFugc="></latexit>

map (g → f) ↑ map g → map f

<latexit sha1_base64="O2AAKMyxrIyzyH4w/l4iBaU6DrQ="></latexit>

(t, t) → let x = t in (x, x)
<latexit sha1_base64="JJPq9ExjYEH7YTi09/MPehwcYiA="></latexit>

(t, u) → let x = u in (t, x)

Super Well-behaved!

Same result 
across executions
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Functional, More Imperative
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Linear Haskell Bernardy+ ’18

Mutate!

Performance?

Linear Types

λ-calculus ’36

’90–

Haskell ’90 Purity
Same result 
regardless of timing

Well-behaved, esp. parallelism

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
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✦ Original Haskell   Persistent data → Copy

Linear Types

16

Wadler ’90, Bernardy+ ’18

✦ Linear Haskell   Linear → Mutate in place!

[0,1,2,…,999] 0 (+ 7)
[0,1,2,…,999]
[7,1,2,…,999]

[0,1,2,…,999] 0 (+ 7) [7,1,2,…,999]

Argument is used exactly once

Direct ownership 
passing

No aliases!

<latexit sha1_base64="dz76dq5ywr0+tsUo+BUEG3zdLuM="></latexit>

Vec a ⊋ Int → (a⊋ a) ⊋ Vec a

<latexit sha1_base64="hXM4Jstk12hqxnmFwOBaUruXI1k="> </latexit>

Vec a → Int → (a → a) → Vec a

Pure!

Linear arrow <latexit sha1_base64="1CHNZHxgL82DK56+I9B2oiy9/Fs="></latexit>⊋

Pure!



Challenge
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<latexit sha1_base64="9dUVq43ZEOV+vwkzzGdhIJ2CZdw="></latexit>

Parallel quicksortE.g.,

Separate mutations to disjoint subregions



Unifying the Two Paradigms
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Imperative
Low-level controlHigh-level abstraction

Functional

Well-behaved Well-tuned
Safe & Predictable Performative

https://commons.wikimedia.org/wiki/File:Sicilian_Jasper_Cup_Met_DP886918.jpg
https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Imperative, More Functional
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’72 ’85Memory corruption, Race condition, …

Ownership & 
Region Types

’94– Well-behaved

https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Ownership

20

Separate Mutable State

Aliasing

Mutable

XOR

→ No dangerous interference between computations



Imperative, More Functional with Borrows

21

Rust ’15

Borrow
Separate ownership by time
Mutation w/o ownership passing

Non-local!

’72 ’85Memory corruption, Race condition, …

Ownership & 
Region Types

’94– Well-behaved

https://github.com/rust-lang/rust-artwork
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Rust -style Borrow

22

Borrower
Mutate

Borrow

Mutate

Lifetime

Lender

Mutate
Non- 
local!



Borrowing Solved!
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<latexit sha1_base64="9dUVq43ZEOV+vwkzzGdhIJ2CZdw="></latexit>

Parallel quicksortE.g.,

Separate mutations to
disjoint subregions

✔
Borrow

Purity?

But, …



Challenge
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Separate ownership by time
Mutation w/o ownership passing

Non-local!

?

Same result 
regardless of timing

RustLinear Haskell

Purity Borrow
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Our Work
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Matsushita & Ishii, PLDI ’26

Pure Borrow
Rust -Style Borrow ing in 

Linear Haskell with Purity

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg
https://github.com/rust-lang/rust-artwork
https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg


Pure    Mutate  Borrow  Parallel Leak-free

Pure Only ● ○ ●
ST Monad ● ● ○ ○ ○

Rust ○ ● ● ● ○
Basic 

Linear Haskell ● ● ○ ● ●

Pure Borrow ● ● ● ● ●

High-Level Comparison

26
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Pure Borrow

✦ Pure & Mutate & Parallelize

✦ Just APIs

✦ Metatheory: Why Pure

Matsushita & Ishii, PLDI ’26

Rust-Style Borrowing in 
Linear Haskell with Purity

Parallel quicksort

Rich features of Haskell

WIP Histories for borrows

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Overview



Preliminary Unrestricted vs Linearity
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<latexit sha1_base64="29s64+KIrBW2npHud0wrOCO0pVM="></latexit>

data Ur a where
Ur :: a → Ur a

Unrestricted Linear
Arbitrarily many times Exactly once

Even infinitely

E.g.,
<latexit sha1_base64="F3uDQKgGW81Mg/3q+lPMcZ4H6Sk="></latexit>a

<latexit sha1_base64="ol0SdfeLZAXx/c7Fgu12rkZ4D4I="></latexit>

inf :: a→ [a]
inf a = a :: inf a

<latexit sha1_base64="cx2qnlG+AXer9XemI0BtKa+nNSI="></latexit>

pair :: a⊋ b⊋ (a, b)
pair a b = (a, b)

E.g.,



Preliminary Linearity Witness
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Linearity witness Spiwack+ ’22

cf. 
<latexit sha1_base64="dxMjscH/OWzXasCkw6voC+0VzMA="></latexit>

runST ::
(→s. ST s a)↑ a

<latexit sha1_base64="29s64+KIrBW2npHud0wrOCO0pVM="> </latexit>

data Ur a where
Ur :: a → Ur a

Used arbitrarily finite times But never in
<latexit sha1_base64="uoMviWIayclwsSQ3MUKzu2IukTM="></latexit>

Ur

Unrestricted Linear

<latexit sha1_base64="jE9MGiWaKzb4sqJ9kDJP34LA4nk="> </latexit>

lin :: (Lin =→ Ur a)⊋ Ur a
<latexit sha1_base64="bFb4wvx0tT7FAZDy2Drcz//N3eU="></latexit>

class Lin



Preliminary Mutable State in Linear Haskell

31

Vector
<latexit sha1_base64="2oBH4UvWUf5nBmzxVr18sFmr/Io="></latexit>

data Vec a
Linear!

<latexit sha1_base64="1xWWJ+W7KQx9gvdFJdvRnvO02Ss=">AADg8Hic1V1Lkxw3coZWfqzpl9a+OMKXXnEZS2mb5Dz4klajIGcoShuiZC6HlORgi4x+1My0pl/sbg6n1TsR/g+++Obw1Tfp5p/im36KkZnIwqNQhayephjmBGe6q4AvEwkgkUgkgM5k0J/NNzb+961fvP1nf/4Xf/nLv7rw13/zt3/39+/86h++mo1fTrvZk+54MJ5+02nPskF/lD2Z9+eD7JvJNGsPO </latexit>

newVec :: Lin =→ [a] ⊋ Vec a

freeVec :: Vec a⊋ [a]



Preliminary Mutable State in Linear Haskell
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Vector
<latexit sha1_base64="2oBH4UvWUf5nBmzxVr18sFmr/Io="> </latexit>

data Vec a Before Pure Borrow
<latexit sha1_base64="NveUkkB8p5IhEJrdTQaG0CTDk+k="></latexit>

modifyAt→ :: Vec a⊋
Int↑ (a ⊋ a)⊋ Vec a

readAt→ :: Movable a ↓
Vec a⊋ Int↑ (Ur a, Vec a)

Linear!

Direct ownership passing!
<latexit sha1_base64="72aUmHOLg5aOTzaUB8jB+9DH9ss="></latexit>

class Movable a where
move :: a⊋ Ur a

<latexit sha1_base64="1xWWJ+W7KQx9gvdFJdvRnvO02Ss="></latexit>

newVec :: Lin =→ [a] ⊋ Vec a

freeVec :: Vec a⊋ [a]



Preliminary Example of Basic Linear Haskell
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<latexit sha1_base64="FzvyQEs33GRgjSxhLHGV8aw30p8="></latexit>

do→ p↑ t; c ↓
let !p = t in do→ c

Direct ownership 
passing!

<latexit sha1_base64="xBZX/VOrNdSd2o2PMyIlq1b8tMM="></latexit>

example :: Ur [Int]
example = lin do→

v ↑ newVec [0,1,2]
v ↑ modifyAt↓ v 0 (+ 3)
v ↑ modifyAt↓ v 2 (+ 5)
v ↑ modifyAt↓ v 0 (↔ 4)
move (freeVec v)

<latexit sha1_base64="tBmzyiiBZuGS7xWBKWkcY9Se+us="></latexit>

Ur [12, 1, 7]

<latexit sha1_base64="IT5hpuW1GLsbDCaAPScukLRhpyc="></latexit>[|3, 1, 2|]
<latexit sha1_base64="7ZCR3Us/bRtKf0YHb5My+4PHue0="></latexit>[|3, 1, 7|]

<latexit sha1_base64="AEkWSNcJiYfSP1S7aLTfVcEjCjs="></latexit>[|12, 1, 7|]



Recap Challenge
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<latexit sha1_base64="9dUVq43ZEOV+vwkzzGdhIJ2CZdw="></latexit>

Parallel quicksortE.g.,

Separate mutations to disjoint subregions



Our Work

35

Matsushita & Ishii, PLDI ’26

Pure Borrow
Rust -Style Borrow ing in 

Linear Haskell with Purity

https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg
https://github.com/rust-lang/rust-artwork
https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg


Recap Rust-Style Borrow
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Borrower
Mutate

Borrow

Mutate

Lifetime

Lender

Mutate
Non- 
local!



Core APIs
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<latexit sha1_base64="HIPDGkS8kONqwlsSOgmJ8RWO6Jg="> </latexit>

borrow :: Lin =→ a⊋ (Mut𝐿 a, Lend𝐿 a)Borrow

Mutate

Reclaim

newtype of <latexit sha1_base64="Ns2l2pyyGgBtfZbH2lI7a8A++wg="></latexit>a

Mutable borrower Lender

Monad

Split

<latexit sha1_base64="lYqcUIvU9Eyn8GKNSb5WI+P2EYM="> </latexit>

reclaim :: End𝐿 → Lend𝐿 a ⊋ a
has ended<latexit sha1_base64="+MjYeHHMrHFQ7gm25mzW7NLrgrU="></latexit>𝐿

<latexit sha1_base64="sOapoRr7BEuiTNjYhyyQuhnLHrQ="> </latexit>

modifyAt :: Mut𝐿 (Vec a)⊋
Int→ (a ⊋ a)⊋ BO𝐿 (Mut𝐿 (Vec a))

<latexit sha1_base64="XIsbKWTtOPpbbbxuWduUnHaB12M="> </latexit>

splitAt :: Mut𝐿 (Vec a)⊋
Int→ (Mut𝐿 (Vec a), Mut𝐿 (Vec a))

BO



BO Monad
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<latexit sha1_base64="h/BXxN01NcsJTq8Musf8YImuhVA=">  gjVHbxR9r7SjCSbH2U/M930ZfeFaUT5u39blUF1++d2nz+gb+qxV/+Grr+ubt67f/sHXp7h/+XeG/n6l/Ve9r3E3tLd9Vn+kx0TON/R/qv9T/qL/85X9/qP3wwQ9XKelPf0J/1b8o798PW/8H414IDQ==</latexit>

BO𝐿 a Computation permitted only before <latexit sha1_base64="+MjYeHHMrHFQ7gm25mzW7NLrgrU="></latexit>𝐿 ends

Borrower accesses Lender reclaim< ≤<latexit sha1_base64="+MjYeHHMrHFQ7gm25mzW7NLrgrU="></latexit>𝐿 ends
<latexit sha1_base64="/bO8xH10AnBAeeSNi1e/W+7y5UA="></latexit>

BO𝐿 <latexit sha1_base64="qcRfuIB6UxBHiEDTuIFSBgKpsU8="></latexit>

End𝐿

<latexit sha1_base64="IwVLAHlgTHp1ktHP7+WJlw0qhns="></latexit>

runBO :: Lin =→ (↑𝐿 . BO𝐿 (End𝐿 ↓ a))⊋ aPure
Rank-2 poly cf.

<latexit sha1_base64="luwB4z04b8ZN1ELC9fzyNXfDyHI="></latexit>

runST :: (→s. ST s a)↑ a

Parallel
<latexit sha1_base64="9YP7fza1peCtJ0kegCn+H5aXRo0="></latexit>

parBO :: BO𝐿 a ⊋ BO𝐿 b ⊋ BO𝐿 (a, b)

Linearity ensures commutativity

cf. ST is not parallelizable



Example
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<latexit sha1_base64="Qs7SUgxXpkd1N6J4KQH3At+fLlw="></latexit>

example :: Ur [Int]
example = lin do→

v↑ newVec [0, 1, 2]
runBO do
let !(mv, lv) = borrow v
mut_example mv
pure $ move $

freeVec $ reclaim lv
<latexit sha1_base64="ANwh2H0iHkj44Hi6yKaOPtY23/k="></latexit>

Ur [12, 1, 7]



Example
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<latexit sha1_base64="Qs7SUgxXpkd1N6J4KQH3At+fLlw="> </latexit>

example :: Ur [Int]
example = lin do→

v↑ newVec [0, 1, 2]
runBO do
let !(mv, lv) = borrow v
mut_example mv
pure $ move $

freeVec $ reclaim lv

<latexit sha1_base64="PcxhsIlAXKjR7dIR+OKMk9tZrlY="></latexit>

mut_example ::
Mut𝐿 (Vec Int)⊋ BO𝐿 ()

mut_example mv = do
mv→ modifyAt mv 0 (+ 3)
mv→ modifyAt mv 2 (+ 5)
mv→ modifyAt mv 0 (↑ 4)
pure $ consume mv

<latexit sha1_base64="N5KpOdhH6H4cqv7DT/CeYFtEs7s="></latexit>

class Consumable a where
consume :: a⊋ ()

<latexit sha1_base64="ANwh2H0iHkj44Hi6yKaOPtY23/k="> </latexit>

Ur [12, 1, 7]



Example with Parallelization
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<latexit sha1_base64="8evf0SKc6LPB2yGqZ3a7AunaRxM="></latexit>

mut_example mv =
let !(mv0, mv1) = splitAt mv 1 in
consume <$> parBO

(do mv0 → modifyAt mv0 0 (+ 3)
modifyAt mv0 0 (↑ 4))

(modifyAt mv1 1 (+ 5))

Parallelize!<latexit sha1_base64="Qs7SUgxXpkd1N6J4KQH3At+fLlw="> </latexit>

example :: Ur [Int]
example = lin do→

v↑ newVec [0, 1, 2]
runBO do
let !(mv, lv) = borrow v
mut_example mv
pure $ move $

freeVec $ reclaim lv
<latexit sha1_base64="ANwh2H0iHkj44Hi6yKaOPtY23/k="> </latexit>

Ur [12, 1, 7]



Share
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Share
Shared borrower

<latexit sha1_base64="4DlRRwhWAhbLQbD+GGsF0UGhQew="> </latexit>

share :: Mut𝐿 a ⊋ Ur (Share𝐿 a)

Split
<latexit sha1_base64="i35i49iQbHhq9sjZFg41ksYaUPU="> </latexit>

splitAt :: Share𝐿 (Vec a)⊋
Int→ (Share𝐿 (Vec a), Share𝐿 (Vec a))

Read
<latexit sha1_base64="ewajZ3+0+ajfzQnTTSpbqyUWGWU="></latexit>

class Copyable a where
copy :: Share𝐿 a → a

<latexit sha1_base64="I9mg5sC4k69ZmiK4iB0n6mndCno="> </latexit>

copyAt :: Copyable a →
Share𝐿 (Vec a)↑ Int↑ BO𝐿 (Ur a)



Remark Internal Implementation
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Just unsafe coercions → Efficient
<latexit sha1_base64="7iSfXPnTVf/OBq5auwpptosJuEY="></latexit>

borrow = unsafeCoerce !a→ (a, a)

reclaim = unsafeCoerce !a→ a

share = unsafeCoerce !a→ Ur a



Reborrow
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Reborrow

Lifetime 
intersection

<latexit sha1_base64="sBQHLy6MhHTamPICBXad8rQWjt8="> </latexit>

reborrowing :: Mut𝐿 a⊋

(→𝐿 . Mut𝑀↑𝐿 a ⊋ BO𝑀↑𝐿 ↓
r) ⊋

BO𝐿 ↓
(r, Mut𝐿 a)



Temporary Sharing
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Temporarily share
<latexit sha1_base64="SxLk7eXzoTPyYrspjl+bLtothtk="></latexit>

sharing :: Mut𝐿 a ⊋
(→𝐿 . Share𝑀↑𝐿 a ↓ BO𝑀↑𝐿 ↔

r) ⊋
BO𝐿 ↔

(r, Mut𝐿 a)

<latexit sha1_base64="+Z5WzSTkLD/dmzNhcnjOQGLGbPw="></latexit>

copyAtMut i mv =
sharing mv $ copyAt i

<latexit sha1_base64="aTORJRNHL7zAsLPC+4Bo0JPU02U="></latexit>

sharing m k =
reborrowing m !m→
let !(Ur s) = share m in k s

Read from Mut
<latexit sha1_base64="KfY93Te/r81+y2ki3GApjz8yerk="></latexit>

copyAtMut :: Copyable a →
Mut𝐿 (Vector a)↑ Int↑
BO𝐿 (Ur a, Mut𝐿 (Vector a))



Lifetime Primitives
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<latexit sha1_base64="0UYkdeW/XoU70DVd0WGSa1jKJ00="> </latexit>

data Lifetime = Al ! | 𝐿 → 𝑀 | Static <latexit sha1_base64="ghwuxIxXO7Lb6pfqeIJXv3lngJM="></latexit>

𝐿 , 𝑀 :: Lifetime

Atomic lifetime

Lifetime intersection

<latexit sha1_base64="SKwol3stIjQCoUrnwSAJW5ADjFc="></latexit>

Now (𝐿 → 𝑀) ! (Now 𝐿 , Now 𝑀)
End (𝐿 → 𝑀) ! End 𝐿 + End 𝑀

<latexit sha1_base64="eEOUlqcySOJ2kF0ACqsnw/QtNbI="> </latexit>

newLifetime :: Lin =→ ↑ !. Now (Al !)
endLifetime :: Now (Al !)⊋ Ur (End (Al !))



BO Primitives
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<latexit sha1_base64="eEOUlqcySOJ2kF0ACqsnw/QtNbI="></latexit>

newLifetime :: Lin =→ ↑ !. Now (Al !)
endLifetime :: Now (Al !)⊋ Ur (End (Al !))

<latexit sha1_base64="tMUKe3gyPvlImCCpB/MI9QU07Vs="></latexit>

execBO :: Now𝐿 ⊋ BO𝐿 a ⊋ (Now𝐿 , a)
<latexit sha1_base64="2tBNiFqYF+YnzUJOzfmer96CRB8="></latexit>

runBO :: Lin =→ (↑𝐿 . BO𝐿 (End𝐿 ↓ a))⊋ a

Pure

Scope

<latexit sha1_base64="/mF8QLx9RI65ilTd/7eXSLwPAZA="></latexit>

reborrowing

<latexit sha1_base64="mHjduVk91EMD59BJoH4P5wSLOgo="></latexit>

srunBO :: (→𝐿 . BO𝐿↑𝑀 (End𝐿 ↓ a))⊋ BO𝑀 a
<latexit sha1_base64="OeOjG6VmdPeBhdLsrrmUv1qk53E="></latexit>

joinMut :: Mut𝐿 (Mut𝑀 a)⊋ Mut𝐿→𝑀 a

<latexit sha1_base64="vbZK3l5wncKwkSQQ8tL7tvJVcrg="></latexit>

sexecBO :: Now𝐿 ⊋ BO𝐿→𝑀 a ⊋ BO𝑀 (Now𝐿 , a)



Case Study



Pure Borrow is Already There!

49

Pure Borrow works on stable GHC

https://github.com/SoftwareFoundationGroupAtKyotoU/pure-borrow
https://hackage.haskell.org/package/pure-borrow


Parallel Quicksort
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<latexit sha1_base64="9dUVq43ZEOV+vwkzzGdhIJ2CZdw="> </latexit>

Pure + Mutate + Parallel

<latexit sha1_base64="iQFc7dwXmOu0wuGmAz0m4xY2k+I="></latexit>

qsort :: Mut𝐿 (Vec Int)⊋ BO𝐿 ()
qsort v = let (Ur n, v) = size v in

if n → 1 then pure (consume v) else do
(Ur a, v) ↑ copyAt v (n // 2)
(i, v)↑ pivotSwap v a
let (lo, hi) = splitAt v i
consume <$> parBO (qsort lo) (qsort hi)



Advanced: Work-Stealing Scheduler
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<latexit sha1_base64="8MH3vhj1EE1XCi1xUXbnyyYCIAo="></latexit>

pop

push

(empty)

steal

<latexit sha1_base64="ky+GRqZQuGsOhQl6PTayjyjK5GQ="></latexit>

data DivideConquer𝐿 a = DivideConquer
(→𝐿 . 𝐿 ↑ 𝑀 ↓ Mut𝑀 a⊋ BO𝑀 (Res𝑀 a))

data Res𝑀 a = Done | Cont [Mut𝑀 a]

divideAndConquer :: 𝐿 ↑ 𝑀 ↓
Int↔ DivideConquer𝐿 a↔
Mut𝐿 a ⊋ BO𝑀 (Mut𝐿 a)



Parallel Quicksort by Work Stealing
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<latexit sha1_base64="8MH3vhj1EE1XCi1xUXbnyyYCIAo="> </latexit>

pop

push

(empty)

steal

<latexit sha1_base64="ky+GRqZQuGsOhQl6PTayjyjK5GQ="></latexit>

data DivideConquer𝐿 a = DivideConquer
(→𝐿 . 𝐿 ↑ 𝑀 ↓ Mut𝑀 a ⊋ BO𝑀 (Res𝑀 a))

data Res𝑀 a = Done | Cont [Mut𝑀 a]

divideAndConquer :: 𝐿 ↑ 𝑀 ↓
Int↔ DivideConquer𝐿 a↔
Mut𝐿 a ⊋ BO𝑀 (Mut𝐿 a)

No thread joining needed → Efficient

<latexit sha1_base64="GSQ59GQY/H0YqfEIJXGskgezLw4="></latexit>

qsortDC :: 𝐿 → 𝑀 ↑ Int↓
Mut𝐿 (Vec Int)⊋ BO𝑀 (Mut𝐿 (Vector Int))

qsortDC nwork = divideAndConquer nwork $
DivideConquer !v↓ case size v of
(Ur n, v)
| n → 1↓ let () = consume v in pure Done
| otherwise ↓

(Ur a, v)↔ copyAtMut v (n // 2)
(lo, hi) ↔ pivotSwap v a; pure $ Cont [lo; hi]



Benchmark Results
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Successfully parallelized

<latexit sha1_base64="NHIKLZfPDW1xKSet+020mROJ1FY="> </latexit>
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0 1 2 3 ·104
0

1

2

3

𝐿

W
al
lC

lo
ck

Ti
m
e
[m

s]
Sequential Naïve 4 Naïve 16 Naïve 32

WS 4 WS 8 WS 10 Industrial



Metatheory



Challenge: Purity of Borrowing

55

Borrower
Mutate

Borrow

Mutate

Lifetime

Lender

Mutate
Non- 
local!

Purity?



Challenge: Purity of Borrowing
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Reclaim
<latexit sha1_base64="lYqcUIvU9Eyn8GKNSb5WI+P2EYM="></latexit>

reclaim :: End𝐿 → Lend𝐿 a ⊋ a

<latexit sha1_base64="HIPDGkS8kONqwlsSOgmJ8RWO6Jg="></latexit>

borrow :: Lin =→ a ⊋ (Mut𝐿 a, Lend𝐿 a)Borrow

Mutate

Split

<latexit sha1_base64="sOapoRr7BEuiTNjYhyyQuhnLHrQ="></latexit>

modifyAt :: Mut𝐿 (Vec a)⊋
Int→ (a ⊋ a)⊋ BO𝐿 (Mut𝐿 (Vec a))

<latexit sha1_base64="XIsbKWTtOPpbbbxuWduUnHaB12M="></latexit>

splitAt :: Mut𝐿 (Vec a)⊋
Int→ (Mut𝐿 (Vec a), Mut𝐿 (Vec a))

Purity?



✦ ST monad has mutations but is pure! 

✦ Denotation: Store-passing state monad 

✦ But no parallelism

Insight Purity of the ST Monad

57

What about borrowing?



✦ Manage the global history of mutations to borrows 

✦ BO monad: State monad of the mutation history 

‣ Mutations are separable → Parallelism works! 

✦ Lifetime end class: Owns the frozen history 

✦ reclaim: Restore the updated value from the history

Idea: Histories

58



✦ Core calculus + Linear type system for Pure Borrow 

✦ Two operational semantics 

‣ Mutative, with memories & Denotational, based on histories 

✦ Theorem: Denotational op sem is confluent 

‣  Full purity: Future work, due to fresh borrow id generation 

✦ WIP: Mutative & denotational op sems bisimulate? 

‣ For well-typed programs & configurations

Our Formalization & Metatheory

59



Reference Core Calculus Syntax
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<latexit sha1_base64="qJXSCdwRCXHXv1LLsoG9ctmVHsY="></latexit>

Variable Var → x, y, z Data constructor C

Operator op ! (+) 2 | · · · | (↑) 2 | · · ·
| par 2 | consume 1 | move 1

| lin 1 | withLin 1 | newRef 2 | freeRef 1

| newLifetime 2 | endLifetime 1 | execBO 2

| borrow 2 | share 1 | copy 1 | joinMut 1 | reclaim 2

Monad constructor mo ! pure 1 | (↓=) 2 | sexecBO 2
| parBO 2 | deref 1 | updateRef 2

Term Term → 𝐿,𝑀 ! x | let x = 𝐿 in 𝑀 | !x↔ 𝐿 | 𝐿 𝑀 | seq x 𝐿 | 𝑁
| C 𝐿 | case 𝐿 of {C x̄↔ 𝑀 } | op 𝐿 | mo 𝐿



Reference Core Calculus Type Syntax
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<latexit sha1_base64="a7IJfUZtpdMxOPSkeQUry9SY4AI="></latexit>

Lifetime variable !, ¨ Lifetime id ΅

Lifetime 𝐿, 𝑀 ! al ΅ | static | 𝐿 → 𝑀 | !
Multiplicity variable ῭,% Multiplicity 𝑁, 𝑂 ! 1 | ! | ∏῭

Type variable 𝑃 ,𝑄 Variable 𝑅 ! ! | ΅ | ῭ | 𝑃
Type constructor F Borrower constructor 𝑆 ! Mut | Share

Type Type ↑ 𝑇 ,𝑈 ! ↓𝑅 .𝑇 | 𝑃 | 𝑇 ↔𝐿 𝑈 | F 𝑇 | Int | Lin
| Ref𝑇 | Now𝑀 | End𝑀 | 𝑆𝑀 𝑇 | Lend𝑀 𝑇 | BO𝑀 𝑇

𝑇 ⊋ 𝑈 ⫅̸ 𝑇 ↔1 𝑈 𝑇 ↔ 𝑈 ⫅̸ 𝑇 ↔! 𝑈

Data type declaration data F 𝑃 where C :: 𝑇 ↔𝐿 F 𝑃

Typing context 𝑉 ,𝑊 ! x ::𝐿 𝑇



Related Work



Recap High-Level Comparison

63

Pure    Mutate  Borrow  Parallel Leak-free

Pure Only ● ○ ●
ST Monad ● ● ○ ○ ○

Rust ○ ● ● ● ○
Basic 

Linear Haskell ● ● ○ ● ●

Pure Borrow ● ● ● ● ●

https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png
https://commons.wikimedia.org/wiki/File:Plato_Silanion_Musei_Capitolini_MC1377.png


Comparison with Monads
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Pure Mutate Borrow Scope Parallel Leak-free

IO Monad 
Peyton Jones+ ’93

○ ● ○ ○ ● ●
ST Monad 
Launchbury+ ’94

● ● ○ ○ ○ ○
Monadic Regions 

Fluet+ ’04 ○ ● ○ ● ● ◐
RIO Monad 
Bernardy+ ’18 ○ ● ○ ○ ● ●

Pure Borrow ● ● ● ● ● ●



✦ OCaml + Safe low-level control 

‣ Ownership, memory-usage, thread safety, …

✦ Lightweight mode annotation 

‣ Easy to add to legacy OCaml code

‣ Coarse lifetime modes: global vs local

✦ No strict purity

OxCaml

65

Lorenzen+ ’24, Georges+ ’25

https://oxcaml.org/static/images/logo-oxcaml.svg


Linearity vs Uniqueness

66

Marshall+ ’22

Linearity
Uniqueness

<latexit sha1_base64="l4ELEY4eVNliUQwE0GdVNDbj8lk="></latexit> many → once
unique → aliased

Comonad

Monad

Non-linearity
<latexit sha1_base64="qaHu+Nw52fhg2awAl5M7MeJfIJg="> </latexit>

Ur
Comonad

<latexit sha1_base64="FjiZhc0kZ9a2QH1fio+78JaTdXM="></latexit>

Ur a⊋ a
Ur a⊋ Ur (Ur a)

Time-delimited aliasing
<latexit sha1_base64="xem+nJtfUUOKcuAZoO8UHSd3+N8="></latexit>

Mut𝐿
<latexit sha1_base64="0q6bpxp8qJ/C+T/eeK4A7OeyWWc="></latexit>

Lend𝐿&
<latexit sha1_base64="+DZ/JRq+3VOgG0dRyJyRsHzu43o="></latexit>

a ⊋ (Mut𝐿 a, Lend𝐿 a)
Mut𝐿 (Mut𝑀 a)⊋ Mut𝐿→𝑀 a

Monad-like

https://oxcaml.org/static/images/logo-oxcaml.svg
https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg


✦ Verify Rust programs as functional code 

✦ Model borrows by prophecy 

‣ Prophecy [Abadi+ ’88]: Fetches info about the future

RustHorn

67

Matsushita+ ’20 &’21

Lender

Borrower

assume(     =     )

Can reason that
this equals

let      = rand()

 Final result of 
borrower’s update

Mutate



Example of RustHorn ’s Translation
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fn take_max<α> 
    (ma: &α mut i32, mb: &α mut i32) 
     -> &α mut i32 { 
  if *ma >= *mb { ma } else { mb } 
} 

fn test(mut a: i32, mut b: i32) { 
  *take_max(&mut a, &mut b) += 7; 
  assert!((a - b).abs() >= 7); 
}

let take_max (a, a’) (b, b’) = 
  if a >= b then 
       (assume(b’ = b); (a, a’)) 
  else (assume(a’ = a); (b, b’)) 

let test a b = 
  let a’ = rand() in let b’ = rand() in 
  let (r, r’) = 
    take_max (a, a’) (b, b’) in 
  assume(r’ = r + 7); 
  assert(abs (a’ - b’) >= 7);

Rust Functional



✦ Concise & Local 

‣ Ideal for verification

✦ Non-determinism 

✦ Precise resolution needed 

‣ Otherwise over-approximate

Prophecies vs Histories

69

✦ Bulky & Global 

✦ Deterministic 

✦ Automatic & Robust 

‣ Ideal for the purity proof

Prophecies Histories



Conclusion



✦ Linear Haskell + Rust-style borrowing 

‣ Pure & Mutate w/o ownership passing & Parallelize

‣ BO monad for lifetime constraints

✦ Case study: Parallel quicksort 

✦ Metatheory: Purity by history-based model

Summary: Pure Borrow

71

https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg
https://github.com/rust-lang/rust-artwork


✦ More automationFfor borrowing? 

✦ Logical relations like RustBelt [Jung+ ’18] ? 

‣ In separation logic [O’Hearn+ ’01], e.g., Iris [Jung+ ’15] ?

✦ Denotational semantics? 

‣ Fresh borrow id generation, as in -calculus [Pitts+ ’93]

‣ Purity & Equational theory? Soundness by logical relations?

ν

Future Work

72



Unifying the Two Paradigms

73

Imperative
Low-level controlHigh-level abstraction

Functional

Well-behaved Well-tuned
Safe & Predictable Performative

https://commons.wikimedia.org/wiki/File:Sicilian_Jasper_Cup_Met_DP886918.jpg
https://commons.wikimedia.org/wiki/File:Font-de-Gaume.jpg
https://commons.wikimedia.org/wiki/File:Heath_Electronic_Analog_Computer_at_CHM.jpg


Thank you!

https://commons.wikimedia.org/wiki/File:Haskell-Logo.svg
https://github.com/rust-lang/rust-artwork

